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ABSTRACT: For an arbitrary polynomial P(z), let M(P,r) =
max|.|—, |P(z)| and m(P,r) = min|,—, |P(z)|, (r > 0). For a polyno-
mial p(z) = Z;L:[) ajzl = ap [[l_,(z — z,), of degree n, having all its
zeros in |z| < k, (k > 1), with a zero of order s, (s > 0), at 0 and

Fo, F1, Fo,Gr—s, F3, Fy,Hy s, F_s, By, B1,Ep_1,B2, B3, D,y and By, _1,
as in Theorem, we have obtained a refinement
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of our old result (1997), thereby obtaining a new refinement of known
results

Mp',1) > M(p, 1), (1973)
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1. Introduction and statement of result

For an arbitrary polynomial P(z), let M(P,r) = max,;—, |P(z)| and m(P,r) =
min|,|—, |P(z)|, (r > 0). For a given polynomial p(z), concerning the estimate of [p’(z)|
on |z| < 1, we have the following well-known result due to Turdn [9], suggesting a

lower bound for M (p/, 1).
Theorem A. If p(z) is a polynomial of degree n, having all its zeros in |z| <1 then
M(p',1) > gM(zml)

The result is sharp with equality for the polynomial p(z) having all its zeros on |z| = 1.
Malik [8] obtained a generalization of Theorem A, namely

Theorem B. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < k, (k < 1)
then n
M(p',1) > ——M(p,1).
¥, 1) 2 7M. 1)

The result is sharp with equality for the polynomial p(z) = (2 + k)™,
and Govil [4] obtained the generalization
Theorem C. Ifp(z) is a polynomial of degree n, having all its zeros in |z| < k, (k > 1)

then
n

My, 1) >
(p,)_1+kn

The result is sharp with equality for the polynomial p(z) = 2™ + k™.

M(p,1).

Aziz [1] obtained a refinement of Theorem C in the form

Theorem D. If all the zeros of the polynomial p(z) = ay, H;Lzl(z — z;), of degree n
lie in |z| < k,(k > 1) then

2 (~ Kk
M@ 1) = 1+k”(jz_; k+ IZjI>M(p’1)'

The result is best possible with equality for the polynomial p(z) = 2™ + k™,
which was further refined by Govil [5] to give

Theorem E. Let p(z) = Z?:o ajzl = an [[}—,(z — 2:), be a polynomial of degree
n 2 27 ‘Zt| S Kt;
1<t<n andlet K =max(K1,Ks,...,K,) > 1. Then

n

2 K
M(p',1) > 1+Kn<;K+Kt)M(p7l)+

2an_1| [ — 1 Kr—1 Kr?2-1 1
- 1——), P
1+K"(ZK+K)( n n_2 )+|“1|( K2)"”
t=1
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and
2 " K (K "
M@, 1) > ( )M 1 (
@) > e §K+Kt (p )+1+Kn\1\z

t=1
1
+|a1|<1 — ?>, n = 2

The result is best possible with equality for the polynomial p(z) = z™ + K".

We, in our old result [6], had considered the polynomial having all its zeros in
|z| <k, (k> 1), with a possible zero of order m, (m > 0), at 0 and had obtained the
following refinement of both Theorem C and Theorem D.

Theorem F. Let p(z) = > asz® = ay H:Zl(z — zy) be a polynomial of degree n,
having all its zeros in |z| < k,(k > 1). Then

2 ok C 1
M@, 1) > ( )M 1)+ ( >+D,
w1 2 = ;kﬂzﬂ (P )+ Fa —k+ 5]
(1.1)
where
p(z) = 2Mp1(2), with p1(0) # 0, for some non-negative integer m,
non-negative real number
4|an72‘ {Cn7m72(k) - cn7m74(k)_
(it -t m>4&0<m<n—4,
4|an—o] Dk—(%f%)} ,n>4&m=n-—4,
C= 4]y, o] Fk—@ n>3& m=n—3,
lan—1|k(k — 1) nm>2& m=n-—2,
(lanlk — |an—1])k(k — 1) m>1&m=n—1,
0 ,n>1& m=n,
non-negative real number
2as|(+ — 5 ) (VK2 +1-1) n>4&m<n—1,
20az|( 1 — &= ) (VE2P+E+1-1) m=4&m<n-1,
D= 2|Z2‘( k22+1_1) ,n=3&m§n—1,
\aﬂ(l—%) m=2&0<m<n-—1,
0 ,n>1&m=n,
0 ,n=1,
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k
ci(k) = /rt\/r2—|—ldr,t>0,
1
k
D, = /(7‘2—7’)\/7"2+T+1d7“
1

and

k 2 1
Fk:/r s dr
1 2

In (1.1) equality holds for the polynomial p(z) = z™ + k™.

In this paper we have obtained a refinement of our old result, namely Theorem
F, thereby obtaining a new refinement of Theorem C and Theorem D. More precisely
we have proved

Theorem. Let p(2) = Y7, ajzl = an [[h_,(z — 2,) be a polynomial of degree
n, having all its zeros in |z| < k, (k > 1), with a zero of order s,(s > 0), at 0. Then

n

M@, 1) > Hins(z_:kHzVI) 1)+ k”k:rk”8<z_:k+|z”|> o

Bn 1
n—s 5 1.2
s k" STl (jé:k:+-\y|> Y (1.2)
where
BO = 07
By = (k—1)ail,
k2 + 1
B2 = max(E2|a1|,2\a2|k( ; 1)),
By = max(E3|a1|,2\a2|( VI 171)),
B,_.1 = max( n—1la1l, 2|az| Dy — ) 1>4
E,q1 = kK1 —k"3n-1>2,
D, | = (k”*QA—k”*4)(\/k24—14—1),n—71 > 4,
FO = 0,
I o= 0,
k—1)2
F, = ‘an71|ku
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F3 = max (k2an—1|G3,2/<;|an_2(/lkr\/?dr _ k22_ 1))7

Fy, = max (kgan—1|G4,2k2an—2|(/ll(€T2 - T)mdr o (kd — o - 1)))’

3 2
Fn—s = Inax (kn_s_l‘an—ﬂGn—sa 2kn_s_2|an—2|Hn—s)7 n—s2> 57
kn—s _ 1 kn—s—2 -1

ans: - P ’I’L—SZ?)
n—s n—s—2
and
k k n—s—1 n—s—3
k -1 k -1
H,_, :/r”_S_Q\/TQ—l—ldr—/ r"_5_4\/r2+1d7"—( — ),
1 1 n—s—1 n—s—3
n—s>>5.

In (1.2) equality holds for the polynomial p(z) = 2™ + k™.

Remark 1. In many cases, our Theorem gives a better lower bound for M (p’, 1) than
those given by other known results, as for the polynomial p(z) = 2z(2® + 8)(z + 3),
having all its zeros in |z| < 3, we get

M(p',1) > 25.5, by Theorem,
Mp',1) 13.1, by Theorem F,

>
M(p',1) > 23.4, by Theorem E
and

M(p',1) > 5.8,by result [7, Theorem 1.7].

2. Lemmas

For the proof of Theorem we require the following lemmas.
Lemma 1. If p(z) is a polynomial of degree n(> 2) then for all R > 1
M(p, R) < R"M(p,1) — (R" — R"?)|p(0)|.
Lemma 1 is due to Frappier et al. [3, Theorem 2].
Lemma 2. Let p(z) be a polynomial of degree n(> 2) and let R > 1. Then
M(p,R) < R"M(p,1)—[p'(0)[(R"* =R 3)(VR2+1-1), n>4,
M(p,R) < R"M(p,1) —[p'(0)|(R* = R)(VR* +R+1-1), n=3

M(p,R) < R"M(p,l)—|p/(0)\R(\/R22+1—1),n:2.

A

and
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Lemma 2 is due to Frappier et al. [3, Theorem 4].
Using Lemma 1 and Lemma 2 one easily obtains

Lemma 3. If p(z) is a polynomial of degree n then for R > 1
M(p,R) < R"M(p,1) — B,(p, R),
where

B B) = max(EIO)B( L 1) o)),

By(p,R) = max(Bs(R)|p(0)], (B* — B)(VR? + R+1-1)p/(0))),
Bu(p.R) = max(E,(R)p(0)], Du(R)p(0)]), n > 4,
E.(R) = R"—R"2 n>2

and
D,(R) = (R '—R"3)(VR2+1-1), n>4.
Remark 2. One can note that Lemma 3 is trivially true for n = 0, with By(p, R) = 0.

Lemma 4. If p(z) is a polynomial of degree n, having no zeros in |z| < 1 then
n
M@y, 1) < 5 {M(p,1) = m(p, 1)} (2.1)

There is equality in (2.1) for p(z) = a + B2",|a| = |B].
Lemma 4 is due to Aziz and Dawood [2].

Lemma 5. If p(z) = Z;L:O ajz? is a polynomial of degree n > 2, having no zeros in
|z| <1 then for R>1

R"+1 R" -1 R*"—1 R 2-1
(Tt )

n—2
Equality holds in (2.2) for p(z) = z™ + 1.

Proof of Lemma 5. It is similar to the proof of Lemma 4 [5] with one change:
Lemma 4 instead of Lemma 2 [5].

Lemma 6. If p(z) is a polynomial of degree n > 4, having no zeros in |z| < 1 then
for R>1

< Rn; LM, 1) - an_ Smn(p.1) — [0 (0)] {ena(R) — ea_a(R)

_(R”_l—l_R”_?’—l)}7 (2.3)

n—1 n—3

M(p, R)
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where "
ct(R) = / r'\/12 + 1dr,t > 0.
1
There is equality in (2.3) for p(z) = a+ 2", |a] = |8].

Proof of Lemma 6. Tt is similar to the proof of Lemma 4 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 7. If p(z) is a polynomial of degree n = 4, having no zeros in |z| < 1 then
for R>1

R +1 R 1 , R -1 R>-1
M < _ _ _ _

where "
Dg = / (r? — )V 712 4+ r + ldr.
1
There is equality in (2.4) for p(z) = a+ 82", |a| = |8].

Proof of Lemma 7. It is similar to the proof of Lemma 5 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 8. If p(z) is a polynomial of degree n = 3, having no zeros in |z| < 1 then
for R>1

R"+1 R"—1
5 M(p1) -

R2—1)

M(p,R) < 5

m(p,1) = [p"(0)] (FR - (2.5)

R 2 1
FR:/ M/T + dr.
1 2

There is equality in (2.5) for p(z) = a+ 2", |al = |6].

where

Proof of Lemma 8. It is similar to the proof of Lemma 6 [6] with one change:
Lemma 4 instead of Lemma 2 [6].

Lemma 9. If p(z) is a polynomial of degree n = 2, having no zeros in |z| < 1 then
for R>1

n n _ —1)2
1) < 1)~ L) - oy B

<— (2.6)

There is equality in (2.6) for p(z) = a+ 2", |a| = |B].

Proof of Lemma 9. Tt is similar to the proof of Lemma 8 [6] with one change:
Lemma 4 instead of Lemma 2 [6].
Using Lemma 5, Lemma 6, Lemma 7, Lemma 8 and Lemma 9 one easily obtains
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Lemma 10. If p(z) is a polynomial of degree n, having no zeros in |z| < 1 then for
R>1
R"+1 R"—1

M(p7 R) < m(pvl) —Fn<p, R)’ (27)

where

Fl(pa R) = 07
(R—1)°

Fy(p,R) = |p'(0)] 5

R, 1) = mx (G O [/ e~ o),

Fi(p, R) = maX(G4(R)|p’(O)|,(/15"2—7~)\/r2 e tar— (E2 1)) o),

3 2

Fulp, R) = max (Ga(R)|p' (0), Ha(R)|p"(0)]), n> 5,

R*"—-1 R"2_1
— — >
Gn(R) ( n n—2 )’ nz3
and
R R Rn—l_l Rn—3_1
Hn(R):/r”_Q\/TQ—l—ldr—/7“"_4\/7“2—&—1d7“—( e B ), n > 5.
1 1 - -

There is equality in (2.7) for p(z) = a + 2", |a| = |5].

Remark 3. One can note that Lemma 10 is trivially true for n = 0, with Fy(p, R) = 0.

3. Proof of Theorem

It is similar to the main part of Proof of Theorem [6] with two changes:
Lemma 3 along with Remark 2 instead of Lemma 3 [6],
Lemma 10 along with Remark 3 instead of Lemma 4 [6].
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