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ABSTRACT: Symmetric functions play a crucial role in classifying
representations of symmetric groups, and they are largely involved with
combinatorial algebras and graph theory. Bayer filter technique is largely
applied in most of the professional digital cameras due to the fact that it
is a low-cost, and it allows photosensors not only to capture the intensity
of light, but also to record the wavelength of light as well. Using Bayer
Pattern, we introduce the Bayer Noise symmetric functions and the Bayer
Noise Schur functions, and we study some combinatorial structures on
the Bayer Noise modules. We study the connection between Bayer Noise
symmetric functions and other bases for the algebra of symmetric func-
tions, and we explicitly calculate special cases over a fixed commutative
ring k. We also study the compatibility of such algebraic and coalgebraic
structures.
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1. Introduction

A Bayer filter mosaic is a color filter array by which RGB color filters are arranged
on a square grid of photosensors. This approach is very common and applied in
most single-chip digital image sensors and extensively in professional equipment. Half
(50%) of the filter elements are green and the rest are composed of blue and red (25%
red and 25% blue). This gives an approximation for human photopic vision where the
M and L cones amalgamate to produce a bias in the green spectral region [1, p. 124].
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Bayer Filter Mosaic (in terms of colors) Bayer Filter Mosaic (in terms of letters).

Basically, there are four patterns of this filter: GBRG, GRBG, BGGR and RGGB.
A Bayer pattern array can be shown in the following figure.
There are basically four patterns of this filter: GBRG, GRBG, BGGR and RGGB.
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GBRG Pattern GRBG Pattern BGGR Pattern RGGB Pattern

Every BGGR-Bayer Young diagram of shape A\ corresponds to a unique symmetric

monomial function whose degree equals to the number of its pixels. This monomial
function (which we call the Bayer Noise monomial function) can be seen as splitting
an image into three parts GB-part, G-part and R-part. The GB-part can be thought
of as a full-size (free color (G, B)) image (the original image) while the other parts can
be seen as full-sizes (free color G) and (free color R) images respectively (see Figure 5:
Block diagram of the proposed restoration technique in [6]). Such monomial functions
allow us to define and study some interesting modules over a fixed commutative ring k.
More importantly, we study some combinatorial algebraic and coalgebraic structures
on such modules. The order and color of the cells in the Bayer filter mosaic play a
crucial role in defining such algebraic and coalgebraic structures.
This paper is basically an application of combinatorial algebra in image processing.
To see the connection more clearly, we refer the reader to [6]. The paper is organized
as follows. In section 2, we recall some basic concepts of symmetric functions. In
section 3, Bayer Young diagrams and Bayer Noise monomials have been introduced.
In section 4, we study some algebraic structures on Bayer Noise modules while section
5 is devoted for studying some coalgebraic structures on such modules. In section 6,
we introduce Bayer Noise Schur functions, and we prove that the set of all Bayer
Noise Schur functions forms another basis for the Bayer Noise module I'.

2. Preliminaries

Throughout this paper, k is a commutative ring, and all unadorned tensor products
are over k. Following [2], we recall some basic concepts of symmetric functions.
For the basic notions of symmetric functions, the reader is referred to [2], [3], [8],
[5], [11], [10], [4] or [9]. Given an infinite variable set x = (z1, 2, ...), a monomial
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x®* = x'x5? .-+ is indexed by a sequence o = (o, aq,...) in N having finite
support; such sequences « are called weak compositions. The nonzero entries of the
sequence o = (aq,a,...) are called the parts of the weak composition a.

The sum oy +as+az+- -+ of all entries of a weak composition o = (g, a2, as, .. .)
(or, equivalently, the sum of all parts of «) is called the size of a and denoted by |«|.

Consider the k-algebra k[[x]] := k[[z1, 2, x3,...]] of all formal power series in
the indeterminates x1,x2,x3,... over Kk; these series are infinite k-linear combina-
tions Y cax® (with ¢, in k) of the monomials x* where o ranges over all weak
compositions. The product of two such formal power series is well-defined by the
usual multiplication rule.

The degree of a monomial x* is defined to be the number deg(x®) := >, a; € N.
Given a number d € N, we say that a formal power series f(x) = >  cox® € k[[x]]
(with ¢, in k) is homogeneous of degree d if every weak composition « satisfying
deg(x®) # d must satisfy ¢, = 0. In other words, a formal power series is homogeneous
of degree d if it is an infinite k-linear combination of monomials of degree d. Every
formal power series f € k[[x]] can be uniquely represented as an infinite sum fy +
fi+ fa+---, where each f; is homogeneous of degree d; in this case, we refer to each
fa as the d-th homogeneous component of f. Note that this does not make k [[x]]
into a graded k-module, since these sums fy+ f1 + fo + -+ can have infinitely many
nonzero addends. Nevertheless, if f and g are homogeneous power series of degrees d
and e, then fg is homogeneous of degree d + e.

A formal power series f(x) = Y cax® € k[[x]] (with ¢, in k) is said to be of
bounded degree if there exists some bound d = d(f) € N such that every weak compo-
sition @ = (a1, a9, g, . . ) satisfying deg(x®) > d must satisfy ¢, = 0. Equivalently, a
formal power series f € k [[x]] is of bounded degree if all but finitely many of its homo-
geneous components are zero. (For example, x%+x%+x§+~ -~ and 14+x1+z2+23+ -
are of bounded degree, while x1 + 2179 + 217223 + -+ and 1 + 21 + 27 + 23 + -+ are
not.) It is easy to see that the sum and the product of two power series of bounded
degree also have bounded degree. Thus, the formal power series of bounded degree
form a k-subalgebra of k [[x]], which we call R(x). This subalgebra R(x) is graded
(by degree). The symmetric group &,, permuting the first n variables x1, ..., z, acts
as a group of automorphisms on R(x), as does the union &) = |J,~( S, of the
infinite ascending chain &9 C &1 C &2 C - - of symmetric groups. This group &)
can also be described as the group of all permutations of the set {1,2,3,...} which
leave all but finitely many elements invariant. It is known as the finitary symmetric
group on {1,2,3,...}. The group &, also acts on the set of all weak compositions
by permuting their entries:

g (011, Qo, 3, .. ) = (01071(1), 04071(2),0[071(3), .. )

for any weak composition (aq,as,as,...) and any o € S(x0)- These two actions
are connected by the equality o (x%*) = x7 for any weak composition « and any
0 € S(x)- The ring of symmetric functions in x with coefficients in k, denoted
A = A(k) = A(x) = A(k)(x), is the & )-invariant subalgebra R(x)® ) of R(x):
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={f€ERX):0(f)=fforalloc € S}
= {f = anxa € R(x) : ¢ = cp if o, B lie in the same G(M)—orbit} .

We refer to the elements of A as symmetric functions (over k); however, despite
this terminology, they are not functions in the usual sense.

Note that A is a graded k-algebra, since A = €,,~., A, where A,, are the symmetric
functions f = > coax® which are homogeneous of degree n, meaning deg(x®) = n
for all ¢, # 0. A partition A = (A, Aa,..., A, 0,0,...) is a weak composition whose
entries weakly decrease: Ay > --- > Ay > 0. The (uniquely defined) ¢ is said to
be the length of the partition A and denoted by £(\). Thus, £()) is the number
of parts of A. One sometimes omits trailing zeroes from a partition: e.g., one can
write the partition (3,1,0,0,0,...) as (3,1). We will often (but not always) write
A; for the i-th entry of the partition A (for instance, if A = (5,3,1,1), then Ao = 3
and A\s = 0). If )\; is nonzero, we will also call it the i-th part of A. The sum
AM+A+ -+ A=A+ X+ (where £ = £())) of all entries of A (or, equivalently,
of all parts of \) is the size |A| of \. For a given integer n, the partitions of size
n are referred to as the partitions of n. The empty partition () = (0,0,0,...) is
denoted by &. Every weak composition « lies in the & 4)-orbit of a unique partition
A= (A, N,...,0,0,0,...) with Ay > -+ > Xy > 0. For any partition \, define the
monomial symmetric function

my = Z x. (2.1)
aEG(m))\

Letting A run through the set Par of all partitions, this gives the monomial k-basis
{my} of A. Letting A run only through the set Par, of partitions of n gives the
monomial k-basis for A,,.

It is straightforward to check that (A, m,u, A, €) is a connected graded k-bialgebra of
finite type, and hence also a Hopf algebra, where

e The multiplication is the map
ARA %A, My @ My — My My
e The unit is the inclusion map
k=Ay — A.
e The comultiplication is the map

A
A A@A mye > my@my,

(pv):
pUr=X\

in which pUv is the partition obtained by taking the multiset union of the parts
of ;1 and v, and then reordering them to make them weakly decreasing.
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e The counit is the k-linear map
k=Ay = A

with €|a,—k = idx and §|1:® A, =0
n>0""""

3. Bayer Young Diagram

Definition 3.1. Let A be a partition.

(1) A colored Young diagram of shape X is a Young diagram of shape A whose cells
are colored with green, blue or red.

(2) A Young diagram of shape ) is called a BGGR-Bayer Young diagram of shape A
if the corresponding Young diagram of A has a BGGR pattern. If a tableau does
not have enough cells for BGGR pattern (it takes 4 cells to have BGGR), then
do it whenever possible. Similarly, GBRG-Bayer Young diagram, GRBG-Bayer
Young diagram and RGGB-Bayer Young diagram can be defined.

(3) By Bayer Young Diagrams, we will simply mean BGGR-Bayer Young Diagrams
(since the other Bayer Young Diagrams can be characterized similarly). Clearly,
Bayer Young diagrams are colored Young Diagrams. The converse, however,
needs not be true.

(4) Let YD be the set of all Young diagrams. Let T : Par — YD be the bijective
map that takes any partition A to its corresponding Young diagram T'(\). Let

BYD be the set of all Bayer Young diagrams. There is a bijective map B :
Par — BYD, A — B(\).

Example 3.2. Let A = (7,7,4,3,2). We have

B(7,7,4,3,2)

Definition 3.3.

(1) Let B(A) be a Bayer Young diagram of shape A. Then its corresponding Bayer
Noise Young diagram, denoted by C(A, GBR), is the (colored) Young diagram
obtained by rearranging the colored cells of B()) using the order G < B < R as
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follows. First, we rearrange the colored cells of B(\) to be weakly increasing left-
to-right in rows, and then we rearrange the colored cells of the resulting colored
Young diagram to be weakly increasing top-to-bottom in columns. One might
note that the green part of C(\, GBR) forms a colored Young subdiagram, de-
noted by C(A\, GBR, G), of C(\, GBR) (of shape Ag) while the region of both the
green part and the blue part of C(A\, GBR) forms a colored Young subdiagram,
denoted by C(A\,GBR,GB), of C(\, GBR) (of shape Agg). Here, A\¢ and \gp
are the shapes of the colored Young diagrams C(A, GBR, G) and C(A\,GBR,GB)
respectively. Analogously, one could define C(\, GRB), C(\, RBG), C(\, RGB),
C(A\, BRG), C(\, BGR) and C(\, BRG). Unless confusion is possible, Ar always
denotes the partition corresponding to the Young subdiagram C(A, RGB, R) of
C(A\, RGB).

(2) Let € be the set of all colored Young diagrams and 2 = {GBR, GRB, BGR, BRG,
RGB, RBG}. then C can be thought of as a map

C:ParxA—=¢€, (\E)—C\E),
for any (A, E) € Par x 2.

(3) Define a map Dgpr : Par — Par x Par x Par, A — (AgB, g, \g).- f A\, N €
Par with (A¢p, Mg, Ar) = (Agp: A\g: A\g), then Ag = A\, Ag = N and A\gp =
Mg - This implies that C(A, GBR) = C(X,GBR). Since A\¢ = A\, Ag = N and
AeB = Agp, we have Ap = M. Thus, Dgpr is injective (but not surjective).
Composing this map with the projections maps wgp : Par x Par x Par —
Par, (AGB,Ag,)\R) — )‘GBa TG . ParxParx Par — PCLT, (>\G37>\G,/\R) — )\G
and ng : Par x Par — Par, (AgB, g, Ar) — Ar, we respectively obtain the
maps

Dap : Par — Par, A\ — A\gB,

D¢ : Par — Par, A — g,

and

Dgr: Par — Par, A\ — Ag.
One might note that the maps ®gp and D are neither injective nor surjective
maps.

Example 3.4. Consider A = (8,8,6,6,5,4,2). To get C(x,¢pr), We first use the order
G < B < R to rearrange B(\) to be weakly increasing left-to-right in rows. So, we
have

B(8,8,6,6,5,4,2)
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Then we rearrange the resulting colored Young diagram to be weakly increas-
ing top-to-bottom in columns to obtain C(\, GBR). Explicitly, C(A, GBR) and its
corresponding Young subdiagrams C(A\,GBR,GB) and C(A\,GBR,G) are given re-
spectively by the following

C((8,8,6,6,5,4,2), GBR) C((8,8,6,6,5,4,2), GB)
C((8,8,6,6,5,4,2),G)

Similarly, one might check that using the order R < B < G gives the following

C((8,8,6,6,5,4,2), RBG) C((8,8,6,6,5,4,2), RB)
C((8,8,6,6,5,4,2), R)

Remark 3.5.

(i) Tt is well-known that the color channels for a color image are represented by
three distinct 2D arrays with dimension m x n for an image with m rows and
n columns, with one array for each color, red (color channel 1), green (color
channel 2), blue (color channel 3). A pixel color is modeled as 1x 3 array [7]. It is
also well-known that the spatial domain of each RGB image can be represented
as a 3D vector of 2D arrays. The Bayer Noise Young machinery, however,
provides us with a new approach by which every Bayer Young diagram can be
represented by three special types of colored (noise) diagrams RG, G and R
diagrams. This can be depicted in the following example:
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Original RGB Image

Red Channel in Red Green Channel in Green Blue Channel in Blue

3 RGB Channels

Original RGB Image

Bayer Noise Young Channels

(ii) Let A, € Par and write A = (A1, -+ ,Ap,) and X = (A}, -+, \). Using the
convention \; = 0 and A} = 0 for any i > m and j > n, we recall that A + \" is
defined as follows:

AN = (X A+ X,

where k = maxz{m,n}. For example, if A = (3,1) and X = (2,2,1), then
A+ X =(5,3,1). This can be depicted as follows:
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[ ] [ ]

T()) T(N) T(A + X)

The following proposition is an obvious consequence.
Proposition 3.6.

(1) The colored Young diagrams C(A\, BGR, B) and C(A\, BRG, B) have the same
shape A\p. Similarly, C(\,GBR,G) and C(A\,GRB, G) have the same shape \g
while C(A\, RGB, R) and C(\, RBG, R) have the same shape AR.

(2) We have >\GB = )\Bg, )\GR = )\RG and >\BR = )\RB'

Definition 3.7. Let A = (A1, -+, Ayn)) € Par, where £()) is the length of \.

(1) Define A"~ = (s s Hyyy ), where

i if 7 is odd
=95 if © and \; are both even

A
% if 7 is even and \; is odd

/

(2) We define X" to be the sequence of nonzero integers X\ = (-~

/
10 aMZ(A))7 where

% if \; is even
,ui/ = ’\"2_1 if 4 and \; are both odd
)‘1;1 if ¢ is even and ); is odd
(3) We define X' to be the sequence of nonzero integers N = (W, -+, pyy,), where
= % if Ag; is even
% if Ag; is odd

and

V-1 .
m:{ =L if 4()) is odd

@ if £()\) is even

Let A = (A1,---,Agn)) € Par. Note that X7 X% and A" need not be in Par.
More explicitly, write XN o= (- ’Me/m) and X' = (u’, -+, ur). Then if ¢ is odd

17
and A\; = 1, then g} = 0. Similarly, if ¢ is even and A; = 1, then p = 0. The
following proposition gives an equivalent setting for Definition (3.3), and the proof is

straightforward.
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Proposition 3.8. Let A = (A1, , Ayn)) € Par, where £(X) is the length of A.

1) Let X7 be the partition obtained by reordering the parts of X to make them
p by g the p
weakly decreasing. Then we have X'~ = )\, .

(2) Let X be the partition obtained by taking the multiset union of the parts of )\G,
reordering them to make them weakly decreasing and removing all zero parts of
~G
them. Then X = ),.

(3) Let X' be the partition obtained by taking the multiset union of the parts of )\R,
reordering them to make them weakly decreasing and removing all zero parts of
them. Then X' = A

Example 3.9. Let A = (8,8,6,6,5,4,1) € Par.
(1) We have \°”° = (8,4,6,3,5,2,1) and X"~ = (8,6,5,4,3,2,1) = \,,,.
(2) We have X* = (4,4,3,3,2,2,0) and X" = (4,4,3,3,2,2) = \..
(3) We have X' = (4,3,2) = X = A,.

Definition 3.10. For any partition A € Par, the Bayer Noise monomial is defined
to be the monomial

pA(2,Y,2) = Mg () ® mag (y) © mag(2).

We will simply write it as py = myop @ Mag @ Ma,.

Example 3.11. We have
r = mr ®mr &® mr

Remark 3.12. If A € Par, then the partition Ag could be the empty partition, for
example, we have

e g o © e

where @ here is the correspondent empty Young diagram B((0)) of the empty parti-
tion (0).
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Definition 3.13. Let I';,(k) be the free k-module with the basis {py}repar,, where
Par,, is the set of partitions of n. Note that dim(T,(k)) = |Par,|, where |Par,]| is
the number of elements of Par,. Let I'(k) = @,,~, 'n(k). Then the set {px}rcpar
forms a basis for T'(k) over k, and T'(k) is called the Bayer Noise module. Obviously,
as modules, I'), (k) = A, (k) for every n € N and hence I'(k) = A(k).

Remark 3.14.

(1) When no confusion is possible, we will simply write I',, and I" instead of T'y, (k)
and I'(k) respectively.

(2) Let u,v € Par. Then, in general, (ugp + vas, b + VG, br + Vi) need not be
in ®gpr(Par), and hence p, p, need not be in I', where p, p, is the regular
multiplication of the monomials p,, and p,. For example, if 4 = (1,1) = v, then
e =vap = (1,1), pg = vg = (1) and pr = vg = (0) (the empty partition).
However, (ugp +vep, b +va, pr +vr) = ((2,2),(2), (0)) which is clearly not
in ®gpr(Par). It turns out that the operation (p,., pr) — pu pr does not define
an algebra structure on I'.

(3) One might notice that in general if (u,v) € Par x Par, then ((pUv)gs, (uU

v)a, (mUV)R) # (MeBUves, prUvR) and (uep Uves, e Uva, pr UvR) need
not be in ®gpr(Par). For example, if = (3,3,2), v = (3,1), then we have

- T ) -

B() C(p, GB) C(u, G) C(u, R)

e e : s

B(v) C(v,GB) C(v,G) C(v, R)

B((pUv)) C((pUv),GB) C((pUv),G) C((nUv),R)
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| | H -

T((puv)es) T(pesUves) T(peUve)  T((pUv)r)  T(prUvr)

Thus, ((pUv)es, (kU V)a),(pUV)R) # (baB Uves, pa U vg, pr U vg) and
(reB Uves, pa Uva, pr UvR) & Dapr(Par).

4. Algebraic Structures

Recall that for any n,mq,--- ,m; € N with 25:1 m; = n and t > 2, the multinomial
coefficient, denoted by ( ), is defined by

n
my,,m

Let n be the map

AL+ [X]
'l - T ;o /
n ® ON ®PA ( ‘)\|’|)\,| PAUN 5

and let

k=Tg T
be the inclusion map. We have the following proposition.
Proposition 4.1. The triple (I',n,u) is a k-algebra.
Proof. Consider the following diagrams:

d®n

rerel —" _1er Frok<"-T-—">k@Tl
n®idl \Lﬂ id®ul idl iu@id
rerl r rer—2-r<" rer

(4.1)
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We have to show that they are commutative. Write px ® pxr = n(px ® par).

AL+ [N
(Px © px) © par = ( AL V] pAuN) © par

A+ [N
AL V] PALN © parr)

_ ( (
A+ N (IAU N+ N
N (w X )( AL, [V ) P
O VR
- (w By )( A+ [N, [V
(AL + N[+ V!
(D! (VY (E Ao
A+ [X] + [\
N ( DARPURIY ) P

) PAUN U

On the other hand, we have

N4 [A]
Pr© (px © par) = pa © ( N, V| PALN)

||+ [A]
= ‘)\/| |)\//| (pA @ pkl\_‘/\”)

|)\/|+|)\N| ( |)\|+|)\/|_I)\”|
N, 1A AL [V L] ) PAUGeA)
[N+ |\ ( IA| N+ [N
I, |\ AL V] + [V PALIN LA
(I INT
B I, [N, |\ PAUNUN -

Accordingly, we have (px ® px) ® pxr = px © (px @ prr) for any A\, N, N\’ € Par,
and hence the commutativity of the first diagram (the associativity diagram) of (4.1)
follows. For the other diagram, we note that

nu®id)(px @ 1) = n(pr@1)

Al + 10|
|)\| |®| Pup

(
- (||AA||+00>
(1) »
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As a consequence, (T',n, €) is a k-algebra.

Definition 4.2. Let Par® = {\ € Par :

Ie(k) = D,>0 I'(¢™) (k). Then the set {px}rcpare forms a basis for T'¢(k) over k.

The proof of the following lemma is straightforward and left to the reader.

A.H. Abdulwahid, E. Elamami

= p)\
= id(px)

(0N

“\op,/) ™

_ (m+|x>
0], 1A ) 0=

= n(1®py)
= n(id @ u)(1® py)

O

all A- parts are even}, and let I'(®™ (k) be
the free k-module with the basis {px}rc parc.m, where Par(®™) = Par, (| Par¢. Let

Lemma 4.3. We have (A + X)gp = Aagp + Agp and (A+ XN)g = Ag + Ny for every

M\, N € Pare.

The following theorem emphasizes the importance of Definition (4.2)

Theorem 4.4. We have the following:

(1) (I(A+A’>c3\) - (IAGBIHA’GB\) - (IAGB

[AcE| [Aes| Yers!

[CO+A" ey — (2(xaBl+HAgsD)) —
(2) (" |2/\GB|GB) = ( Shan " ) =

AN € Par.

(3) (I(M-)\')GB\) (\(A+N+>\”)GB\) — (I/\GB|+\>\/GB\+I/\/C/;B|

[Ae Bl [(A+XN)e Bl PYed?]

(4) In general, we have

<|()\(1) +A@ 4t /\(t))GB
MGhL AGEL -y A

for every AW, AP XD € Pare,

<|(2(A<1> + 2@ £+ AO))gp|
1 2
2L 2GR, - 2108

for every AW AP A®) € Par.

HWGB“) for any A\, X

RV

(2(|>\GB|+\)\'GB\)) — (2(\>\GB\+|>\'GBI)

2|05 gl

LIAGsLIAG B

t
s
and
1 2
) B <2|A<G]>3| F20EL 42
- 1 2
21AGBls 2AEB) -, 2AGp

€ Par®.

2|xaBl; 2| ;5|

) for any

1 2
) (Ag;|+|Agg|+...+AggD
- 2
PYSARPYSAN

) for any A, N, X" € Pare.

)
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(5) The triple (I'°(k),ne, ue) is a k-algebra, where 1, is the map

KA+XMM)
AL

he : T @ TS(k) > TE(k), p, @p,, (
Aasl

and
k =T (k) 29 1e(k)

is the inclusion map.

Proof. (1) We have

A+ N A AL
<|( F;GB)GB|) = <| GB)\;LBch') (by using Lemma (4.3))

- CAGB|+¢AbB>

|AaBl
(Dl D),
[Acsl, A5l
(2) An easy calculation gives the following:

/ /
C@Q+A»Gm> (ﬂ@+kkwo($mepM_2MLVAer)
12A¢B| 2|\gBl|

2(|AaB| + [A\gal)
vipYersl

~
(QIAGB|+AGBD)
(

) (by using Lemma (4.3))

2|
2|AGB|+AGBD)
2|Aaal; 21\l

(3) We calculate

((A + )\')GB> (|()\ + AN+ A) GB|> (|)‘GB| + [\en ) (|)‘GB + [ \esl + |XC/;B|>
RYerE] |(A+XN)ap| pYer:] el + 2G5
_ (el + X)) (AaBl+ [Aapl + [AGpD)!
(A (IAesD! ([AaBl + Mg (IAER])!
_ (Aasl+ Pepl +1AgsD)!
(IAaBDMIAG g DIIAEG B!
_ (|)\GB| + [ \epl + |)‘Z:B|>
‘)‘GBlv |)‘,GB|’ |)‘/C/¥B| .

(4) This follows immediately from the proof of the previous part.
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(5) This can be easily proved using parts (i7) and (ii¢) of the proposition.

Example 4.5.
(1) Let A =(4,2,2) and X = (2,2). Then we have

n(pr ® pl) = 495

=495 (my @ Mgy @ myg)

(2) A direct calculation gives the following:

ne(ﬂr ® PH) =120

=120 (my ® Mgy © mg)

5. Coalgebraic Structures

Consider the map
Apy = Z Pu @ pu, (51)

(pn,v)EParxPar:
pUv=X\
in which g U v is the partition obtained by taking the multiset union of the parts of p
and v, and then reordering them to make them weakly decreasing. Interestingly, one
might define the map A : I' = ' ® I' defined k-linearly by

Apy = > ('MI - |V> Pu ® pu, (5.2)

(u,v)EParxPar: |M|’ |V|
My Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts of
i, and 1, , and then reordering them to make them weakly decreasing. From image
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processing point of view, we find the image noise corresponding to the Bayer Noise
Young diagram of A, and then we split the resulting one into pieces: one with less
noise having only two color sensors (G and B), and one with more noise having only
one color sensor R. We have the following theorem.

Theorem 5.1. Let ' 5 k be the map defined k-linearly by

€|Fo:k = idk and €|I=@ T =0.
n>0" "

Then
(i) The triple (T, A, €) is a k-coalgebra.
(ii) The triple (T, A, €) is a k-coalgebra.

Proof. The proof of () is obvious. To prove part (ii), we have to show the following
diagrams are commutative.

rererl rok—2 >T<Y koo

=T I

1d®e id e®id

rer rer rel<—TI—>Torl
r

(5.3)

Here ® and ¥ are the isomorphisms @ : I'®@k = I', pp®1 —prand V: kI —
I, 1® px — pa. For any A € Par, we have

A A A i
(A ®@id)Apy = (A ®id)( Z (|M|+|[/L|> 0 ® o)
(p,p’)EParx Par: |,U,|7 |/1‘ |
4y Uy, =X, YUE{GB,R}

+1e'T\ &
T (ul 1 > App ® pu

’
(p,p')EParx Par: |,LL|, |ﬂ ‘
s '—’H{, =\;,VUE{GB,R}

= |l + 1] |+ V|
- Z < |IU/|5|MI‘ Z ‘V|,|l/" (pV®Py/)®pH/

(1" )EParx Par: (v,v')EParx Par:
p.UI_l,u[']:)\U,VUG{GB,R} VWuu‘iV:,u,W VYWe{GB,R}

Il + 1T\ (vl + V]
N 2 ( l ) ) S0 o

/!
(v, 1" )EParx Parx Par: |M|7 |'u |
VUUV[; I_I,u,[lj =X\,,YUE{GB,R}
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One can easily check the following;:
A= el + Arl = luas| + lnasl + lual + 1Rl = lul + 11|

and

ul = luesl + |prl = lvas| + [vapl + val + [Vl = v+ V/].

As a result, we have

<Iu|+u’l) (IV|+IV’> _ <V|+V’|+Iu’|> < |l )
il [ ], |V il 1| ], |V

! Vi
_ (ul + V| + | |> (by part (2) of Proposition (4.1)).

], (], ||

Thus, we have

X o N A v+ [V + [
(Awid)Ap, = > (| ||u| H | l) Pu b & ut
(v,v',u")EParx Parx Par: ’ IH

/ ’_
vy Uy Ul =X, YUe{GB,R}

= [l =+ | Wl + V|
- Z <|M,,u’| Z v, || Pu @ (py & pur)

(p,pt")EParx Par: (v,v')€Parx Par:
”’UUML/;:/\U YUe{GB,R} Uy |_|IJ‘:V :u‘:v VYWe{GB,R}

_ |l + 1| |+ ||
B Z / Pu® Z / (pu ® Pu’)
(1 M/)EPGTXPar: |M‘7 "U/ | (v ll/)EParXPar: |V|? |V |

pUl_I,u('J:)\U YUe{GB,R} l/WLlVV,V:p.‘LV VWe{GB,R}

|| + || X
= 2 ( il | ) P B

(") EParx Par:
s I_I,ur/Jku NVUe{GB,R}

/!
(,p")EParx Par: Ll (1]
1y Ul =N, YUE{GB,R}

Therefore, the commutativity of the associativity diagram follows. Checking the
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commutativity of the unity diagram can be done as follows:

LN R . + |
V(e ®id)Apy = V(e ® id)( > (“' "f > Pu® pur)
w,pu’YEParx Par:

ey LIM[;:)\U NVYUe{GB,R}

ST ("5 ) o 0

/
(p,p/)EParx Par: |M|, |'u ‘
p.UI_I,u['J =X\, ,YUE{GB,R}

_ 3 (Iul + Iu’|> €(0,) pu

/!
(p,p’)EParx Par: |M|7 |/~L |
Hyy uu{] =X, NYUe{GB,R}

L =0).

n

= py ( since €|y = idx and 6|I:€B

=id(px)

B > (Iul + Iu’|> o clon)

/!
(p,p’)EParx Par: |M|’ |M |
ey uul’] =X\, ,YUe{GB,R}

oY (7 ) o o

/
(p,p")EParx Par: "UI|’ |M |
Hyy \_WI; =N, NYUe{GB,R}

SLCEL IR SEN Cynio FOrrm

/
(M7H/)6PGT><PCLT: |:u|a |‘U |
pyy Unl, =X, YUE{GB,R}

= ®(id ® €)Ap,.

n>0

It follows that (T, A, €) is a k-coalgebra. O

We call the k-coalgebra (T, A, €) as the Bayer Noise coalgebra over k. The following
proposition gives an explicit description for primitive with respect to the comultipli-
cation A.

Proposition 5.2. Let A € Par. The element py is primitive (with respect to A) if
and only if A = (m) for some non-negative integer m.

Proof. It is straightforward to prove that ApA =pa®1+1®p, if and only if A = (m)
for some non-negative integer m. This completes the proof. O

Let A : Ire(k) — I'e(k) ® I"°(k) be the map defined k-linearly by

~ + v
A/))\ = Z (“L | ) Pu & pu, (54)

(n,v)EPar®x Par®: |M|7 |V|
Wy Uy, =X, YUE{GB,R}
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in which g, Uy, is the partition obtained by taking the multiset union of the parts
of u, and y,, and then reordering them to make them weakly decreasing.

Using part (3) of Theorem (4.4), the following theorem can be proved similarly to the
proof of Theorem (5.1).

Theorem 5.3. The triple (Fe(k),ﬁ,é\) is a k-coalgebra, where T' = k is the map
defined k-linearly by

aF(e,O):k = de and a12® I(en) =0.
n>0

The primitive elements in I'¢(k) (with respect to the comultiplication 5) can be
explicitly described as follows:

Proposition 5.4. The primitive basis elements for I'¢(k) (with respect to the co-
multiplication A) are precisely of the form py, where X\ = (m) for some m € 2N =

{0,2,4,...}.

Proof. The proof is very similar to the proof of Proposition (5.2). O

Similarly, we define the map A(®) : ' - T' @ I" defined k-linearly by

2\p| +2|v
Al py = > ( il + 21 |) P ® pu, (5.5)

( Ve
w,v)EParXx Par:
Hey Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts
of u, and y,, and then reordering them to make them weakly decreasing.

The following are analogous consequences to those of Theorem (5.3) and Proposition
(5.4) respectively.

(©
Theorem 5.5. The triple (F,A(€)7e(5)) is a k-coalgebra, where I' — k is the map
defined k-linearly by
=0.

Iy
n>0 "

E(e)h“():k = ’idk and E(e)|12®

Proposition 5.6. The primitive basis elements for I' (with respect to the comulti-
plication A©)) are precisely of the form px, where X = (m) for some non-negative
integer m.
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Example 5.7.

(1) Let A =(3,3,2). Then we have

AP,\ZAP(:’,,sa)
=0(3,3,2)®Pz +0(3,3)®P2) +P2)DP(3,3) 03,2 DP3) +P3)DP3,2) TPz DP(3,3,2)
=p(3,3,2)01+p3.3)@p2)+P2)®0(3,3)+03,2)RPE)+P3) P32 F1®P3,3,2)
= (M(3,2,2) @M(2,1,1) @M(1)) @ 1+ (M(3,2) @M(2,1) @M (1)) @ (M2) @M (1) @ 1)
+(m2)y@m1y@1)@(ms 2 @ma,1) @m))+(mea 1 @ma 1y @ 1)@ (mg) @m1) @1)
= (m(3,2,2) ®M(2,1,1) @MY1) ) O 1+ (M(3,2) ©M(2,1) @M(1)) B (My2) @MY1) D)
+(m2)@m 1) @1)®(m(3,2) @m(2,1) @m(1)) +(M(3,1) @m(1,1) ®1) @ (M3 @M (1) @1)
+(m 3y @m 1)y @1) @ (m(3,1) @Mm(1,1) @M(1)) + 1@ (1(3,2,2) @M(2,1,1) DM(1))-

This can be pictured as
A”':”'W‘Z’+”-®”-+”-®p-+p'®p-
+P-®P'+P@®P'
EETT

mm@mn@m.)@(mu@m.‘@)m_)
mr®mm®m”)®(m-®m”®l)
+ (my Qmp®1)® (my ® mpy @ M)
[ (] F I (|

+ (my @ M @ my Q my ® mga)

(| (] .l ' “ (|

mr®mr®m.).

On the other hand, we have
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AP/\ ZAp(3,3,2)
=(3,3,2) ®Pz+28p(3,3)@p(2) +28p(2) ®P(3,3) T P2 ®P(3,3,2)
=p332) QL+ p33) @p2) +po0 @pa33 +10p03g32
= (M(3,2,2) @M (2,1,1) @M(1)) @ 1+ (M(3,2) @M (2,1) @M (1)) @ (2) @MY1) @M(1))
+ (M) @m ) @m1)) @ (M(3,2) @My2,1) @M(1)) + 1@ (My3,2,2) OM2,1,1) D7)

This can be visualized as

Ap'zp'®pg+28p-®p-+28p-®p-+pg®p'
T

+ 28(m' ® m“ ® m_) ® (m-] @ mpg ® m-)

+ 28(m- @ mgg ® m.]) & (m' & mr & m.)

+1®(mr®mr®m.).

Similarly, one could visualize A(®) p(3,3,2) as follows:

A(e)p':p' ® pg+1820p' & p-—|—1820pl ® p'—FpQ & p'
B

+ 1820 (m' ® m“ ® m_) ® (m-] @ mpg ® m-)

+ 1820 (m- @ mpg ® m.]) ® (m' ® mr ® m-)

+1®(mr®mr®m.).
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(2) To see the difference between A, A and A more clearly, let A = (2,2,2,2).
Clearly, we have

Apy =A,0(2,2,272)
=p(2,2,2,2) ® PoT0(2,2,2) @ P2)TP2) @ P2,22)TP2:2) @ P22 TP @ Pi222.2)
=p(2.222) @1+ p222 @ pe)+pe) @pe22) + P22 QP22 +1&p02222)
=(m(2,2,1,1)®M(1,1,1,1) @M(1,1)) @1+ (M(2,2,1) @M(1,1,1) @M(1)) @ (My2) @M1y 1)
+ (M2 @m) ® 1) @ (Mma,21) ® M,1,1) @ M(1))
+ (m2,1) @ m@,1) @ me1)) ® (My2,1) ® m(1,1) ® m))
+1® (m2,2,1,1) @ M(1,1,1,1) @ M(1,1))s

which can be visualized as the following.

ApI:pI®pg+pl®p-+p-®p.
+p.®p.+pg®I

:(Mr@)m ®ml)®l+(m'®ml®m.)®(m-@m-@l)

+(m-®m.®1)®(m'®ml®m-)

+(m“®ml®m.])®(m“®m“®m.])+ 1®(mr®m ®mm).

It is easy to check that Ap,\ is given by

APA = AP(2,2,2,2)
= 0(2,2,2,2) @ o+ p2,2) D P2,2) T P D P2,2,2,2)
= p(2,2,2,2) @ 1+70 (p2,2) @ p(2,2)) + 1 ® p2,2,2,2)
= (Mm2,2,1,1) ®M(1,1,1,1) ®M(1,1y) ® 1
70 (m2,1) @ m1,1) @ ma)) © (M2,1) @ m,1) @ ma))
+1® (m22,1,1) @ M1,1,1,1) @ M(1,1))
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One might visualize Apy as follows:

Aplzpl®pg+70(p.®p.)+pg®pl

= (mr @my ®mm)®l+70(m“® ml® m.])® (mr]® ml® m_)

+1 ® (mr ® mI ® mm)

Notably, gp(2’2’2’2) looks very similar to Ap(2,2,2,2). Indeed, the only difference
between them is their coefficients. Explicitly, we have

ﬁplzpl®pg+20(p.®p.)+pz®pl

= (mr @my ®mm)® 1+20(m“ ®ml ®m.]) ®(mr] ®ml ®m_)

+1 ® (mr & mI ® mm)

Consider the diagrams:

rer—=> -1 rer-<~kgk k—" >T k—™" -k
o Y N RN
rererer A M— >k kok—>Tal r
id®9®idl
rerolel —=Tal

(5.6)
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where 0 : '@ I' = I' ® I is the twist map. The proof of the following consequence is
obvious.

Proposition 5.8.

(1) The last three diagrams of (5.6) commute while the map n needs not be a k-
algebra morphism.

(2) The last three diagrams of (5.6) are still commutative if one replaces A by A.
(3) Let CAlgyx be the category of commutative k-algebras. Then the assignment

€r'(R)

4 . CAlge — CAlge, R—T(R), RL R — 0(R) " R L R 1(R))

defines a semiendofunctor of C Algx. Furthermore, we have
Y(RYW R) = (T(R) " RY R"Y" I'(R)) = ur(myer(n)
the convolutional identity element in End(T'(R)).
Let A € Par. Write NGB0 = X\ \GBD — X\op and MGB2 = (\gp)ap =

MGEEBD) o 5. Inductively, we have A(GB:t) = (\(GB.t—1) for any t € N with ¢ > 1.
GB z
Similarly, one could define \(f:t).

Definition 5.9. Let A € Par.

(1) The GB-order of A, denoted by |\“B, is the least positive integer ¢ with
MEBY = (\EB=1) . Note that |\[¢F > 1.

(2) Let t = |\|9B. Define the sets
Par(@B)" = {Ne Par : N9B <t}

and )
Par(@B™" = (X € Par, : |N%F <t}.

(3) For any n € N, let B(n) denote the partition defined by
B(n) = (n,n,...,n).
——
n times
Example 5.10.

(1) To find | B (4)|“2 and | B (8)|“Z, one might easily calculate

and
Thus, | B (4)|8 =5 and | B (8)|92 = 8.
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53(4)(613,0) E(4>(GB,1) E(4)(GB ,2) E(4)(GB,3) EE(4)(GB ,4)
m(4) (4,4,2,2) | (4,2,2,1) | (4,2,1,1) | (4,1,1,1)
B(8)(“B0) | |(8)

B(8)(EED | (8,8,8,8,4,4,4,4)

B(8)(EB2 | (8,8,4,4,4,4,2,2)

B(8)(EE3) | (8,4,4,4,2,2,2,1)

B()EED | (8,4,2,2,2,2,1,1)

B(8)(¢F) | (8,2,2,2,1,1,1,1)

B(8)(¢E | (8,2,1,1,1,1,1,1)

B(8)¢EN | (8,1,1,1,1,1,1,1)

(2) Similarly, one could check that | 8 (3)|% =5, | @ (5)|9% = |B (6)|°F =8 and
| B (10)|98 = 11.

Remark 5.11. Let A € Par and ¢t € N with ¢t > 2.
(1) Clearly, |A\|9B < || for A € Par with |A| > 1.

(2) If X € Par(©B)" then \gp € Par(@B)™Y

(3) If A € Par(©B)" then (AEBt=1)) o = . In particular, if A € Par(@B)* | then
()\(GB72))R — (2)7 )\(R,Z) — (Z) and ()\(GBv ))R — @
Consider the map
AGB
I'k) ———T'(k) ® I'(k) (5.7)

defined k-linearly by

OB 1®1 ifA=10
A PN = .
Prcoiacr-ny @ L+ 1@ p s nos_yy fAF#D
We have the following proposition.

Proposition 5.12. (T'(k), A“?) is a nonunital k-coalgebra.

Proof. We have to show that the following diagram is satisfied.

(T'(k (5.8)
ACB i i ACE
i / \(F

\/
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(AYP @id) AP py = (AP @ id)(py(emnen— @1+ 1@ pyannes_r)
= AP (pyap s ) © 1+ AYP(1) ® pyonines
= (paenines) ®L+1®@ pyapnes) ®1+101® pyepnos
= p)\(GB,|>\|GB)®]- ®R1+1® PrcBnGE) ® 1+41®1® PGB, NGB _1)

(id ® A“P)AGE py = (id @ AP (pyanxe5 -1 @ 1+ 18 pyonr65-1))
=pPy@EB,ACB-1) & AP +1@ AGB(P,\(GB,WGB—n)
=pyc5.268 -1 @(1R1)+1®(p, 5. 268, @LO1+1Rp, (e5.17165) )
=Py 2B 11T+ 1® pyennen @1 +1R1® p,en,aeB)

For any A € Par, AGBAI?) = \(GB.NT%-1) (by the definition of |\|¥#). It follows
that (A9B ®id)AYP = (id @ ASB)ACE. Thus, the diagram (5.8) is commutative,
and hence (I'(k), A9P) is a nonunital k-coalgebra. O

Definition 5.13. Fix t € N with ¢ > 1. Let I'(GB)"(k) be the free k-module
with the basis {px}y\cpar@nmt- Let @B (k) = D,>0 [(GB:m)" (k). Then the set

{Pa} xeparccnyt forms a basis for I'(@B) (k) over k, and T(@B)" (k) is called the (GB, t)-
Bayer Noise module over k.

Now consider the map

AGB)E

I(GB) (k) r(EB) (k) @ T(EB) (k) (5.9)
defined k-linearly by
: 1®1 ifA=0
AGB) p = )
prcei-1) @1 +1Q® py@pi-n  if X #Q.

We have the following proposition.

Proposition 5.14. (I'CB)'(k), A(B)") is g nonunital k-coalgebra.

Proof. The proof is very similar to the proof of Proposition (5.12). O
It is well known that the nonunital k-coalgebras (T'(k), A9?) can be extended for

a unital k-coalgebra (I'(k), AGB, ¢GB) where I'(k) = I'(k) @ k, and €GB : T(k) =
I'(k) ® k — k is the projection map, and A5 is the map

JE— AGB JE— JE—

(k) T(k) ® T(k) (5.10)
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defined by

ACB(f+a)=AB(HH+fol+1@f+a(l®])

for any f € T'(k) and a € k. Similarly, the nonunital (I'G5)" (k), A(GB)") can be
extended for a unital k-coalgebra (I(GB)(k), A(GB)" ¢(GB)")  where I'(GB) (k) =
@B (k) @ k, and e(GB)" : T(GB) (k) = T'(@B)' (k) @ k — k is the projection map,
and A(GB)' is the map

AGB)?

_F(GB)t(k> I(GB) (k) @ T(GB) (k) (5.11)

defined by
AGCBY (f4+a)=AGB (At fol1+1®f+a(l®l)

for any f € I'(GB)' (k) and a € k. Consequently, we have the following.

Proposition 5.15. (I'(k), AGB ¢GB) and (T(GB) (k), AGB) e(GB)") gre (unital) k-
coalgebras.

Example 5.16.

(1) A direct calculation for A5 P(4,4,2,2) gives the following:

BT
r@mr®1 )®1 + 1@ (m r@mr@)l).

(2) Calculating AGB)® PE(6) = A(GB)gp(Gﬁ,Gﬁﬁ,G) gives the following:

r®1+1®r
(mr®mr®1)®1+1®(mr®mr®l).

A(GB)®
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)11

(3) One could calculate AGB)" pm(0) = ACE
lows:

A(GB)H

£(10,10,10,10,10,10,10,10,10,10) &S fol-

+1em r r®1>'

6. Bayer Noise Functions and Other Bases

Recall that for any A € Par, the Schur function is defined to be

Sx = Z xcont(T) (6.1)
T

where 7 runs through all semistandard tableaux of shape A, that is, T is an assignment
of entries in {1,2,3,...} to the cells of the Young diagram for A\, weakly increasing
left-to-right in rows, and strictly increasing top-to-bottom in columns. Here cont(T)
denotes the weak composition (|7-1(1)[,|7~(2)],|71(3)],...), so that x<m(T) =

:z: gl [2]. For example,

W DN =
IS

T:

- W o

6

is a semistandard tableaux of shape A = (5,3, 3,2) with x°""T) = 2322222320222,
It is well-known that the set {sx}xepar forms a k-basis for A for any commutative
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ring k, and for any A € Par, one has
S}\ = Z KA,I/ mua
vEPar

where K, is the Kostka number (a non-negative integer that is equal to the number
of semistandard Young tableaux of shape A and weight v). This can be used as a
inspiration for the following definition.

Definition 6.1. For any A\ € Par, define the Bayer Noise Schur function

5)\ - Z K)\,V Pv = Z K/\,l/ ml/G,B ®mVG ®mVR'

vEPar veEPar

Example 6.2. For A = (2,2), one has

5(2,2) = x%x% —I—x%xg +l‘%l‘2.’1)3 +l‘%l‘2.’1)4 +I1$%.’L‘3 +T1T2T304 +X1T2L3T4 + -
11 11 11 11 12 12 13
22 33 23 24 23 34 24

=m(2,2) + M2,1,1) +2m(1,1,1,1)-

The Bayer-Schur function 42 2y, however, is given by

d(2,2)=P2,2) + Pe2,1,1) T 20(1,1,1,1)
=(m2,1)®@ma,1) ® m(1)) +(Mmz,1,1) @ m(1,1) @ mp)+2(ma,1,1,1) @ M1,1) ® myg).

This can be visualized as follows:

5(272)ﬂ5+pnj+2pi

Recall that the dominance or majorization order on Par, is the partial order on
the set Par, whose greater-or-equal relation > is defined as follows: For two partitions
A and p of n, we set Ab p (and say that A dominates, or majorizes, ) if and only if

M+ X+ N>+ +p fork=1,2,...,n[2].

It is well-known that the Kostka numbers are triangular with respect to the dominance
order. The following is an immediate consequence of the triangularity of the transition
matrix of {) }repar-

Proposition 6.3. The set {0x}rcpar forms a k-basis for T for any commutative
ring k.
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Following [3], define of the families of power sum symmetric functions p, and elemen-

tary symmetric functions ey, for n =1,2,3,... by
P, =] Fay e = M, (6.2)
e, = Z Tiy - Ty, = M(1n). (6.3)
1< <in
Here,

1 =111,...,1
——

. ones

We have the following consequence.
Proposition 6.4. Let n € N and A = (A1, A2, ..., ) € Par with Ay > -+ > ¢ > 0.

(1) We have
D, ®p, ®1 if n is even
2

Py = p,®p,_, ®1 ifnis odd
2
(2) We have
e, ®e, ®1 if n is even Sany @ S % ®1 if n is even
= 2 —
par) e, ®e, , ®1 ifnisodd Sumy ®8 ., @1 ifnisodd
2 1"2)

Proof. (1) We have p(,) = m(n)_, ® M(n), ® M(n), . Since (n),, = (n), (n), =0
and

(%) if n is even

(21) if nis odd

Thus

)

D, Op, ®1 if n is even
2

Pim) = p,®p,_, ®1 ifnisodd
2

(2) We have panry = M(n), ® m(in), ®m(1n)R. Since (1”)GB — (1"), (1")R =0

and
(1), = (1%) if n is even
G (lnT_l) if n is odd
Thus,
e, ®e, @1 if n is even Sy @ 5( 3, ®1 if n is even
— 2 _ 1
par) e, ®e, , ®1 ifnisodd Sumy ®s ,, ®@1 ifnisodd
7 172 )



146 A.H. Abdulwahid, E. Elamami

Recall that a sequence oo = (a1, @, . ..) in N that have finite support is called a
weak composition. The nonzero entries of the sequence o = (g, aa, . ..) are called the
parts of the weak composition . The sum ay + as + a3 + - - - of all entries of a weak
composition a = (aq, ag, ag, . ..) (or, equivalently, the sum of all parts of «) is called
the size of @ and denoted by |a|. A composition is a finite tuple o = (a1, @, ..., )
of positive integers. In other words, it is a weak composition with no zero entries. We
write @ or (0) for the empty composition (). Its length is defined to be m and denoted
by ¢(a); its size is defined to be a1 + as + - - - + a;,, and denoted by |«l; its parts are
its entries ag, s, ..., ;. The compositions of size n are called the compositions of
n. Clearly, any partition of n is a composition of n. Let Comp,, denote the set of all
compositions of n, and let Comp denote the set of all compositions. An expansion
of a composition « is a weak composition a such that removing the zeros from &
one obtains a. If a, 3,7 € Comp, then we say ~ is a shuffle sum of the other two
compositions if there are expansions @ and § of a and 3, respectively, which have
length ¢(7) such that v = & 4 3. Here, addition is componentwise [8].

It is well-known that for any A\, \' € Par, we have

— — v
m(m, ®m,,) =mm,, = E X My, (6.4)
vePar:
VRN

where c , is the number of ways of writing v as a shuffle sum of A and \".

Let ¥ : I'¢(k) @ I'°(k) — I'*(k) be a map defined by

9o, ®p,) = > S h,
vePar®: y H|(A+X"), |
vYUe{GB,R}

R R T
vEPar®: y, =N, H_‘)\l// |
vUe{GB,R}

where cf ), is the number of ways of writing v as a shuffle sum of A and M, and the
map

k =0 (k) 22 (k)

is the inclusion map.
Let 6 : T'¢(k) — I'¢(k) ® I'¢(k) be the map defined k-linearly by

dp, = Z JR (6.5)

(pn,v)EPar®xPar®:
Hy Uy, =X, YUE{GB,R}

in which g, Uy, is the partition obtained by taking the multiset union of the parts
of 1, and y,, and then reordering them to make them weakly decreasing. We end up
this paper with the following theorem.
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Theorem 6.5.

(1) The triple (T'°(k), 9, u.) is a k-algebra, where

k =0 (k) 22 1e(k)

is the inclusion map.

(2) The triple (T¢(k),6,€) is a k-coalgebra, where T 5 k is the map defined k-

linearly by
ap(e,o):k = idk and a12® len) = 0.
n>0

(8) (Te(k), ¥, ue, d,€) is a k-bialgebra, and hence (I'°(k), ¥, u., d,€) is k-Hopf alge-

bra.

Fix a commutative ring k. We end this paper with the following few things as

suggestions to the reader who might be interested in.

¢ Finding a connection between Hall algebras and Bayer Young diagrams.
o Establishing another bases for the Bayer Noise module over k.
e Defining noise symmetric functions using other filters.

¢ Defining symmetric functions based on the denoising concept.
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