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ABSTRACT: In this paper, we derive the Pontryagin’s maximum prin-
ciple for optimal control problems governed by nonlinear impulsive differ-
ential equations. Our method is based on Dubovitskii-Milyutin theory, but
in doing so, we assumed that the linear variational impulsive differential
equation around the optimal solution is exactly controllable, which can be
satisfied in many cases. Then, we consider an example as an application of
the main result. After that, we study the case when the differential equa-
tion is of neutral type. Finally, several possible problems are proposed for
future research where the differential equation, the constraints, the time
scale, the impulses, etc. are changed.
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1. Introduction

Pontriaguin’s maximum (minimum) principle is used to optimize a functional depend-
ing on the state of the system and the best possible control that takes a dynamical
system from one state to another, especially in the presence of constraints on state
or input controls. It was formulated in 1956 by the Russian mathematician Lev
Pontriaguin and his students(see [41]). It has as a special case the Euler-Lagrange
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equation of the calculus of variations. The result was first successfully applied to
minimal time problems when input control is constrained, but it can also be useful in
studying state constrained problems. In the following decades several abstract theo-
ries have been published to give a synthesis that would include different chapters of
optimization, such as mathematical programming, classical variational calculus, and
optimal control. The two most prominent theories are: Dubovitskii-Milyutin [16] and
TIofee-Tihomirov [22]. In [22], the main result is a first order necessary condition for
problems called “soft convex”. The condition is formulated in terms of Lagrange’s
multipliers. In the Dubovitskii-Milyutin theory (which is applied in the present work)
the fundamental idea is the following: Conic approximations are constructed to the
data of an optimization problem with constrains, and in terms of duals elements of
these cones, the optimality condition is expressed in the abstract Euler—Lagrange
equation form. Given a class of optimization problems, the application of this theory
consists in specifying the cones and their dual to express the Abstract Euler-Lagrange
equation in terms of the problem in question. In the book of I. V. Girsanov [18] this
method is carried out for several cases, such as the optimal control problem with a
finite number of constraints on the state of the system. The main goal of this paper is
to derive a general optimal condition (Pontryagin’s maximum principle ) for optimal
control problems governed by impulsive differential equations. More specifically, we
shall study the following problem

PrROBLEM 1.1.

/OT ®(z(t), u(t), t)dt — min loc. (1.1)
(z,w) € E = PW([0,T);R") x L7_([0, T|;R"), (1.2)
z(t) = p(x(t), u(t), t), =(0)==xo (1.3)
2(T) = a1; 21, 20 € R", (1.4)

z(th) = 2(ty) + Te(z(te)), k=1,2,3,...,p. (1.5)
ut)e M, te[0,T], ae., (1.6)

where 0 < t; < t3 < -+- < t, < T, are fixed real numbers, x € PW([0,T];R"), the
control function u belongs to L%, M C IR" and the functions

¢ : R"xR x[0,T] — IR,
® : R"xIR x[0,T] — R",

Je R" _)an’
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where PW([0,T]; R™) and L% are define by

PW(0,T;;R") = {z:[0,T) - R":z€ C(J;R"),3z(t]), 2(t;.)
and  z(tx) = 2(t;,), k=1,2,...,p},

where J = [0,7] and J" = J\{t1,t2,...,t,}, endowed with the norm

Izllo = sup [lz(t)][r~,
te[0,T]

)

and LT = LI_([0,T];R") is the space of measurable function essentially bounded with
the essential supremum norm.

For now these functions are smooth enough, so to prove the main results we will
impose some additional conditions on the terms involved in the problem 1.1. The
study of the controllability of differential equations with impulses is in effervescence
at the moment, we can mention the following recent works on the controllability
of such equations (see [8, 10, 28, 29, 30, 31, 32, 33, 36]), this in finite dimension,
whereas in infinite dimension we can cite the following works ([2, 3, 5, 20, 38]). The
Dubovitskii-Milyutin theory has been used to study optimal control problems for a
long time, but not for impulsive differential equations, in this sense it is worthwhile
to mention the work done in [9, 14, 15, 19, 21, 16, 24, 34]. Furthermore, we know
there are a lot of works on optimal control problems using different techniques, for
which one can see the research done in [23, 35, 37, 40] But, as far as we know, the
optimal control problems for impulsive differential equations have not been studied
much, only some particular works can be found in the literature, to mention some of
them, we have the works carried out by ([1, 4, 6, 11, 26, 39, 42]).

Outline of the work: Section 2 contains preliminary results, here we summarizes
the fundamental concepts and results of Dubovitskii-Milyutin theory that will be
applied later; the intersection of cones lemma is presented. Then, the optimality
condition in the abstract Euler-Lagrange equation form for a general optimization
problem with constraints is formulated. To apply the general scheme of this theory
to a specific class of problems, we must first compute the approximation cones. To do
this, in subsections 2.3-2.5, we summarize and develop the methods to calculate the
decay, admissible and tangent cones that appear in [18]. In addition, several exten-
sions of these results are demonstrated, which facilitate the treatment for impulsive
differential equations. In subsection 2.6, we present and prove some modifications of
Minkowski-Farkas’s Theorem, which simplify the explicit calculation of dual cones.
Results of this subsection are useful to express the corresponding Euler-Lagrange
equation to many problems in future investigations. In section 3, an optimal con-
trol problem governed by a nonlinear impulsive differential equation is considered.
The main objective is to see that under certain conditions the impulses do not affect
the optimality condition obtained by Pontryagin; roughly speaking, if the pulses are
small enough, the maximum principle remains the same. In section 4, we prove that
the necessary condition of optimality presented in Theorem 3.1 (maximum principle),
under certain additional conditions, is also sufficient. To do this, we must assume
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conditions that allow us to apply the general theorem of sufficient condition of opti-
mality from the Dubovitskii-Milyutin theory, Theorem 2.17.

In section 5 we modify the optimal control problem by changing the boundary con-
dition in its final state by placing a finite number of nonlinear constraints, and under
certain conditions we again prove that the maximum principle persists.

In section 6 an example is presented as an application of these results obtained here.
In this section 7, we will show how Dubovitskii-Milyutin theory can be applied to
generalize the Maximum principle of [18] to the case of optimal control problems gov-
erned by impulsive nonlinear neutral differential equations.

Finally, in section 8, we present several problems that could be solved in a similar
way, which are part of future research.

2. Preliminaries Results

In this section, we summarize some fundamental results of the Dubovitskii- Milyutin
theory. We formulate the general optimization problem with constraints and construct
the approximation cones to the problem data (the objective function and restrictions),
and the optimality condition in terms of the approximation cones dual is expressed
by the Euler-Lagrange equation. The proof of these results can be refereed in [18].

2.1. Cones, Dual Cones and Dubovitskii—-Milyutin Lemma

Let E be a locally convex topological linear space, and denote its dual space by E*,
the space of continuous linear functionals.

Definition 2.1. K C E is a cone with apex at zero , if

AK =K, (A>0).

Definition 2.2.
Kt ={feE"/f(zx)>0, VxeK},

is called the dual cone of K.

Proposition 2.3.
a) KT is a w*— closed and convex cone.
b) Kt = (K)*, (K is the w— closure of K).
¢) (Unea Ka)+ = Npeca K& where A is an indez—set.

d) If K C Ky, then K C K.
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Definition 2.4. Let A be an arbitrary set and K, C F, « € A, be cones with apex
at zero. Then, we define the following set

ZKi:{falJrfaer"'Jrfaw fa, €KL, neN, ;€A (i=1,...,n)}.
acA

Lemma 2.5. Let K, CE (a € A) be conver cones w—closed, then

+ [
(ﬂ Ka> = Z K& (w* — closure ).

acA acA

Lemma 2.6. Let K C E be a convez cone with apex at zero, L C E a linear subspace
such that K NL # 0. Then (KNL)T =Kt +L*.

Lemma 2.7. Let K1, Ko,..., K, C E be open convex cones such that

i=1

Then

n + n
<fpa> :EjKj
=1 =1

Lemma 2.8. (Dubovitskii—Milyutin). Let K1, Ko,...,K,+1 C E be convex cones
with apex at zero, with Ky, Ko, ..., K, open. Then

n+1
mm:w
i=1
if and only if there are f; € K;7  (i=1,2,...,n+ 1), not all zero such that

fi+fo+ -+ fn+ =0

2.2. The Abstract Euler—Lagrange Equation

Let us consider F' : E — IR, and

Q:CE (i=1,2,...,n+1) such that the interior Q;# 0 (i =1,2,...,n). Consider
the following problem

F(x) — min loc (2.1)

T € Qy (1=1,2,...,n+1). (2.2)
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Remark 2.9. The sets Q;, (i =1,2,...,n) usually are given by constraints inequality
[e]
type, and Q11 by constraints equality type, and in general the interior Q1= 0.

To study the above problem, we give some previous definitions and lemmas.

Definition 2.10. The vector h € E is a vector of decay direction of F : E — IR
at the point z° € FE, if there exists a neighborhood U of the point z°, numbers
a = afF, 2°, h) < 0 and 9 € IRy, such that for all ¢ € (0, &9) and all h € U the
following inequality holds

F(z° +¢h) < F(z°) +ca.

Lemma 2.11. The decay vectors of F' in x° generate an open cone with apex at zero
which will be denoted by K4 = Kq(F, x°), and it will be called as decay cone.

Next, we introduce similar definitions for different constraints of the problem. For
a constraint of inequality—type, we give the following definition.

Definition 2.12. The vector h € F is an admissible vector to Q C E in the point
z° € Q, if there is a neighborhood U of the point z° and ¢ € IR, such that for all
e € (0, g9) and all h € U, we have that

°+eheq.

Lemma 2.13. The admissible vectors to Q in x° generate an open cone with apex at
zero, which will be denoted by K, := K,(Q, z°), and will be called admissible cone to
Q in x°.

To constraints of equality—type, we introduce the following definition.

Definition 2.14. The vector h € F is called a tangent vector to Q C E at the point
x°, if there are gy € IRy and a function 6 : [0, e] — E, such that

and
2°+eh+0() e (e € (0, &9)).

The set of all tangent vectors to @ in x° is a cone with apex at zero, which will
be denoted by K1 := K7 (Q, z°); and will be called tangent cone.

Theorem 2.15. (Dubovitskii—Milyutin). Let us consider the following problem

F(z) — min loc
(2.3)
ze€R;, (i=1,2,...,n+1).

Let 2° € E be a solution of problem (2.3), and suppose that:

a) Ky is the decay cone of F in x°.
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b) K; are the admissible cones to Q; inz° € Q; (i=1,2,...,n).
¢) Kp41 is the tangent cone to Qpni1 in x°.

Then, if K; (i=0,1,2,...,n+ 1) are convez, there exist functions f; € K,
(i=0,1,...,n+ 1) not all zero such that

fot frto ot fap1 =0 (2.4)

Equation (2.4) is called the Abstract Euler-Lagrange equation.
Remark 2.16. Sometimes it is important to ensure that fy # 0; an examination of
the proof of Theorem 2.15 shows that a sufficient condition for this is that

n+1

() K:=0.
i=1

To apply the Dubovitskii-Milyutin theorem to specific problems, we must follow
the following scheme:

i) Determine the decay vectors.

i1) Determine the admissible vectors.

iii) Determine the tangent vectors.

v

)
)
)
) Build the dual cones.

Next, we will face problems (i) - (iv). The necessary optimality condition stated
in Theorem 2.15, under certain conditions, is also sufficient:

Theorem 2.17. Suppose that the following conditions hold:
«a) F is continuous and conver,
B) Q; is convex (i=1,2,...,n+1),
o

7) (ﬂ Qi) N Qi1 # 0,

i=1

e) K; (i=0,1,...,n+1) are defined as in Theorem 2.15.

Then, z° is a solution of the problem (2.3) if and only if there exist f; € K7 (i =
0,1,2,...,n4 1) not all zero such that

fot+tfi+fot-+ fanp1=0.
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2.3. Cones of Decay Vectors

In this subsection we explicitly compute the cones of decay vectors for several func-
tions.

Definition 2.18. Let E be a linear space and F' : E — IR a function. Then, we
shall say that F' has directional derivative in z° € E on the direction of h € E if the
following limit there exists:
F(x° h) — F(x°
lim (2" +eh) (z%) =: F'(z°, h). (2.5)

e—0+ £

For z° € E.
Theorem 2.19. If h € K4 and there exists F'(x°, h), then F'(z°, h) < 0.

Theorem 2.20. If E is a Banach space, F is locally Lipschitzian in z°, and
F'(x°, h) <0, then h € K4(F, z°).

Theorem 2.21. (See [18, pg 45]). Let F : E — IR be a continuous and convex
function in a topological linear space E and z° € E, then F has directional derivative
in all directions at ©° and also we have that

o) F'(2°, ) :inf{F<x°+5h)‘F(”“"°’/sem},

g
b) Kq(F, 2°) = {h € E/F'(z°, h) < 0}.

Theorem 2.22. (See [18, pg 48]). If E is a Banach space and F is Fréchet—
differentiable in z° € E, then

Kq(F, z°) ={h € E/F'(z°)h < 0}
where F'(x°) is the Fréchet’s derivative of F in x°.

Example 2.23. In the same way as the example 7.3 of (See [18, pg 50]) we obtain
the following result:

Let E =PW([0,T];R™) x LT[0, T] and F' : E — IR defined as follows

T
F(x, u):= /0 O(x(t), u(t), t)dt,

®: R" x IR" x R — IR is a continuous function in its first two variables and
measurable in the third variable, and has a derivative in its first and second variables
®, and P, respectively bounded. Then, we have that

F'(z°, u®)(z, u) = /0 [@,(x°, u®, t)x(t) + Po(x°, u®, t)u(t)]dt,

and Ky(F, (z°,u°)) = {(z,u) € E/F'(z°, u°)(z, u) < 0}.
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2.4. Cones of Admissible Vectors
Let E be a topological linear space, F': E — IR a continuous function, z° € F and
Q={xe€ E/F(z) < F(z°)}.
Lemma 2.24. Let K, = K,(Q, z°) and Kg = K4(F, x°), then K4 C K,.
The proof of above Lemma is trivial. There are cases in which Ky = K,.
Theorem 2.25. (See [18, pg 58]) Suppose that
i) There exists F'(z°, h) (h € E).

ii) There exists h € E such that F'(x°, h) < 0.

iii) F'(x°, ) is convez.
Then

K,Cc{heE/F'(z° h) <0} = K.

Theorem 2.26. (See [18, pg 59]). If Q is an arbitrary convex set with COQ;A 0, then

Ko=1{heE/h=Az"—2), €Q, A€ R,}.

2.5. Cones of Tangent Vectors

In this section we basically mention the so-called Lusternik Theorem, which is a
powerful tool for calculating the cone of tangent vectors.

Theorem 2.27. (Lusternik). Let Eq1, Es Banach spaces, and suppose that
a) x° € By, P: Ey — Ey is Fréchet’s differentiable in x° and P(xz°) = 0.
b) P'(x°): Ey — Es is surjective.

Then the cone of tangent vectors K to the set Q := {x € E1/P(x) = 0} in the point
x° € Q, is given by
Kr = Ker P'(2°).

The proof of above theorem (which is not trivial) can be found in [22, pg 30].

2.6. Relationship Between Approximation Cones and Their
Dual

In this subsection, we present results that establishes a closed relationship between
approximation cones and their dual.
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Theorem 2.28. If K is a linear subspace of a topological linear space E, then
Kt={feE"/f(x)=0, VoeK}= K",
where K+ is called the annihilator of K.

Theorem 2.29. Let f € E* and Ky :={z € E/ f(z) =0},
Ky:={zxe€E/f(x)>0},Ks:={x € E/f(x)>0}. Then:

i) If f #0, then K7 = {\f/ e R}, Kif =K ={\Nf/)\&Ryo}.
i) If f =0, then K = {0}, Ki ={0} and Kj =E*.
The proof of Theorems 2.28 and 2.29 is trivial.

Theorem 2.30. Let E be a topological linear space and F' : E — IR continuous and
convex. For x° € E, let us consider the following set

Q:={x € E/F(x) < F(z°)}.

Now, we define
Q" :={feE"/f(x) > f(z°), (ze€@)}
Then
i) K7 (Q, 2°) = Q",
i1) If there exists T € E such that F(T) < F(x°), then

Kf=K'=Ki=q"

Proof. Let f € @* and h € Kr; then, by definition of Kr, there are ¢y € IR, and
0 : [0, eg] — E such that

lim @ =0,
e—0t €
and
2°+eh+6() e, (c€/(0,c<0)).
Therefore

f@®+eh+0(c) = f(z°), (e €0, €0)).
Then f(h) > 0. Hence f € K, that is to say

Q* C K.

Let f € qu and z € @, then by the convexity of ), we have that x — z° is a tangent
vector to () in the point z°, then it follows

f(x_x0)207
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or equivalently f € Q*.
Therefore

K =Q"
Suppose (ii) hods, i.e., there exists Z € I such that F(Z) < F(z°), this implies that
there exists h € F such that F'(z°, h) < 0. In fact

Let h =% — «°. Then, since F' is continuous and convex, it follows

F'(z°,h) < F(2°+h)— F(z°)

= F(Z) - F(z°) <0.
Now, let us see that K, C Kg4; by Theorem 2.21, we have that
Ky={he E/F'(z° h) <0}

Let h € K,, then there is g9 € R4 such that xg+eh € Q for all € € (0, &), therefore
F(z° +¢eh) < F(z°), (e € (0,ep)), which implies that F'(z°, h) < 0. Since K, is
open, there is a neighbourhood U of h such that U C K,. Then, for v € IR small
enough, we have that

hy = h+~(h—h) e U.
Then

1 O
F'(z°, h,) < d h=—nh ——h.
(l’, ’Y)—O an 1+,y 'Y+1_|_,y

Due to the fact that F’(x°, -) is convex, we obtain that

1 Y T
F'(z°, h) < ——F'(2° h,)+ ——F'(2°, h) <O.
( ) 1+~ ( 7) 1+~ ( )

By Theorem 2.25, we have that K, C K .

Let us prove that K} = K. In fact, condition (ii) implies that Q# 0. Thus, by
Theorem 2.26, it follows that

K,={he€eE/h=Xz—-2°), z€Q, I€R,}
Let f € K} and z €Q, then x — z2° € K, thus, we have that

f@) > fa°)  (z€Q),

o _
Given that F' is continuous and convex, @) = @) = @, we have that

f@) 2 f(2°)  (zeq).
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Therefore f € Q*, that is

but K, C Kr. Then

From the above proof, we have the following consequence

Corollary 2.31. If F is conver and continuous, and there is T € FE such that
F(T) < F(x°), then

F'(x°, h) < 0 if and only if, there exists A € Ry, x € E such that F(z) < F(z°) and
h =Xz —2°).

Theorem 2.32. Let Ey1, E5 be topological linear spaces and A : Ey — Fo a linear
operator. Let E = Fy x Ey be the product space and consider

K:=Ga={x€E/x=(x1,x2), Axi=uma}.
Then

Kt ={feE* f=(f1, f2)/ i =—A"fo}.

The proof of above Theorem is trivial.

2.6.1. Minkowski-Farkas’s Theorem and its Aplications

Theorem 2.33. (Minkowski-Farkas see [18, pg 70]). Let E1 and Ey be topological
linear spaces, and Ko C Fo a convexr cone with apex at zero, and consider A : B —»
Es5 a continuous linear operator. If we define

K = {.’El c /ASCl € KQ},
and suppose that there exists T1 € Ey such that AT, EI%Q, then

K = A°KF.

Remark 2.34. Below we will give different versions of Minkowski-Farkas’s Theorem.
Before, we shall prove a known Lemma since part of its proof given here will be
applied in the proof of Theorem 2.36.

Lemma 2.35. Let E be a locally convex topological linear space, and A, B linear
subspaces such that A is finite-dimensional, and B is closed. Then A + B is also
closed.
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Proof. Assume, without loss of generality, that AN B = {0}. Let {ej, e2,..., e, } be
a basis of A, then, since the space E is locally convex and e; € B, i =1, 2,..., n, by
Separation Theorem there are g; € E* (i =1, 2,..., n) such that

gi(ei) > 0 (i:1,2,...7n)
gi(x) = 0 (1=1,2,...,n; ¢ €B).

We consider the following functionals

fi= (i=1,2,...,n).

Let’s introduce the following operator

P . E-—R'"A,

P o= (fu, f2--s fn)

Then we have that
P(z) = =z (x e A)

P(x) = 0 (x € B).

Let as +bs € A+ B (s € S) be a generalized sequence such that (as + bs) converges
to z € E. The fact that P is continuous implies that P(as + bs) converges to P(z),
which implies that (as) — P(z), and given that A is closed P(z) € A, and by the
same reason (bs) = z — P(z) € B, that is

z=P(z)+z—P(z), P(z)eA, =z—P(z)eB.
O

Theorem 2.36. Let FEy, Es topological linear spaces and A : E1 — E5 a continuous
linear operator. Let Ky C Fy be a conver cone with apex at zero such that K is
finitely generated, and define

Kq = {.131 c By /A.Z‘l € K2}.
Then

(KNL)* =Kt + LT and K = A*Kj.

Proof. Let EF := F; X Ey, K := E; x Ky and L = G4. By the hypotheses
K+ = {0} x K is closed and finite-dimensional, and since L* is a subspace, which is
w*— closed, then we claim that K+ + Lt is w*—closed. In fact, since E}, Ej are lo-
cally convex topological linear spaces with respect to the w*-topology, it follows that
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ET x E3 is a linear locally convex topological linear space with the product-topology,
then we can apply Lemma 2.35 by taking A the subspace generated by K+, B = LT
and P : E* — A in the same way as in lemma 2.35.

Let as +bs € K¥ + Lt = A+ B (s € I) be a generalized convergent sequence to
z € E*, then

as — P(z) and by — z— P(z2).
Since KT, LT are closed, we have that P(z) € KT and z — P(z) € L™.

Now, by applying Lemma 2.5, we obtain that

(KNL)" =Kt +L*.
On the other hand, we have

K+t = {(fi, ) €E*)f1 =0, fo € K},

Lt = {(91, 92) € E* /g1 = —A%ga},

by Theorem 2.32. Let f; € K;" and put f := (f1, 0). Then, f € (K N L)*. In fact,
let z € (KN L). Hence x = (21, Axq) and Azq € Ko, this implies that 2; € K7 by
definition of K7, thus f(z) = fi(x1) > 0 for all z € (K N L), that is f € (KN L)T.
Then, there exist

(07 h) € K+7 h e K;u (917 gQ) S L+7 g1 = _A*.927

such that
(f17 O) = (0’ h) + (917 92)7
which implies that f; = g; and h + go = 0, and therefore f; = A*h, h € K. Thus

K c A" K.
This claim A*K C K is trivial. O
Theorem 2.37. Let E1, E5 be topological linear spaces and A : Ey — Es5 a contin-

uwous linear operator, and let Ko C Ey be a convexr cone with apex at point zero. Let
us define the following cone

K = {581 S /Axl € KQ}
Suppose that there are g € EY and h € K2+ such that
A*h 7& O7 K = {1‘1 IS /g(xl) > 0}
Then

K = A°K
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Proof. The proof that A*K5 C K is trivial. Let us see that K7 C A*K5 . In fact,
since A*K;r C Kf, by Theorem 2.28 there is g € IR such that A*h = S g. Now, let
fi€ Kf‘, then there exists Ay € IR, such that f; = A1 g. Therefore

fi=A" (2]1), %hEK;,

which implies that K;” C A*K . O

Proposition 2.38. Let Ey, Fy be Banach spaces and A : By — Es a continuous
linear operator such that Im A = Es, and a convex cone Ko C Fy with apex at zero.
Now, we define K1 as follows

K, = {xl S /A.’ﬂl € KQ}
Then
K c Im A*.

Proof. From the fact that Kj = K,, we can assume without loss of generality
that 0 € Ky; which implies that Ker A C K7, then by item d) from Proposition 2.3,
we have that K;” C (KerA)*. But (Ker A)T = (Ker A)%, then from the factorization
lemma from [22, pg 16], we get that (Ker A)* = Im A*. O

Proposition 2.39. Let Ey, Es be topological linear spaces and A; : By — Es (i =
1,2,..., h) continuous linear operators, and consider Ko C Eo a convex cone with
apex at zero. Let us define the following cones

Kljz{,’ljleEl/AifL'leKQ 2:172’771}

Suppose that there exists Ty € Ey such that A;T; 6[0(2 (i=1,2,...,n). Then

K= (Z Ai> Ky
i=1
Proof. Let us define the following cones
KliZ:{.’ﬂlGEl/Ail'lGKQ}; t=1,2,..., n.
Then by the continuity of A; (i = 1,2,...,n), we have that T GI%M, (i =
1, 2,..., n), which implies that <ﬂ Io{li =: K3 # (). So, by Lemma 2.7 it follows

that
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We have that K3 C Kj, which implies

n

Kf c Kf =Y (ku)*" =Y K,
=1 i=1

Therefore K~ C Z K{; and Z K. C Kif, which implies that
i=1 i=1

K=Y Kf.
i=1
But, from Theorem 2.33, we have that K;\ = A¥KJ (i=1,2,..., n), then

K = zn:A;* K.

=1

O

To conclude this section, below we will see some applications of the Minkowski-
Farkas’s Theorem and its versions.

Proposition 2.40. Let us consider E = PW([0,T),IR") and the following cone
K={zxeFE:xz(T) =0}
Then f € KT if, an only if, there is a € IR™ such that
f(@) ={a, =(T))  (z€E)
Proof. The sufficiency is trivial. Let us prove the necessity. Define the operator
L:E— R", L(z) :=z(T), (z € E), and consider f € K*. Then, Im L = IR" and

Ker L C Ker f, hence by The Factorization Lemma from (see [22, pg 15]), there is a
linear-continuous function g : IR™ — IR such that

f=golL.
But it is well known that g has the following form

g9(x) = {a, z), (€ R"),
for some fixed a € IR". Therefore

f(@) =(a, 2(T)),  (z€E).
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Example 2.41. Let A : [0, T] — R™ " and B : [0, T] — RR"*" be measurable
and bounded functions; and consider the following linear control system

©(t) = A(t)z(t)+ B(t)u(t), te0,T],a.e, (2.6)
z(T) = 0

where (z, u) € Ey :== PW([0,T];R™) x LT [0, T]. Let us define the following cone
Ky :={(x, u) € Ey/(2.6) — (2.7) hold}.

Proposition 2.42. If (2.6) is controllable, then dim K" = n, and also for all f € K

there is a € IR™ such that

T
[z, u) = <a, /0 [A®)z(t) + B(f)U(t)]dt>, ((z, u) € Ey).

Proof. Let By := PW([0,T);R™) and Ky := {x € Es /z(T) = 0}, and define the
following operator A : 1 — Es as follows

Az, u)(t) := /0 [A(T)z(T) + B(T)u(r)]dr ((z, u) € Eq, t €10, T)).
Then

Ky ={(z, u) € By /] A(z, u) € Ka}.

A is a continuous linear operator and dim K, = n. In fact, the assertion for A is
trivial. Let us see that dim KJ = n; for which it is enough to see the following:
f2 € K5 if, an only if, there is a € IR™ such that

fa(x) = (a, z(T))  (x € Ea).

This follows from Proposition 2.40.
Now. let {e1, ez,..., ex} be the canonic basis of IR", and define the following linear
functionals f, : Bs = R, i=1,2,...,n

fi(z) = {ei, 2(T)),  (z € En).

Then, given f» € K5 there exists a € IR" such that fao(z) = (a, (T)). On the other
hand, we now that a = >_'" a;e;. Then,

1=
n —

fgzZaifi (aiEB,izl,Q,...,n).
i=1

Let us see that {f,, fo,..., f,} is alinearly independent family, for which we consider
a; €R (i=1,2,...,n) such that

o fi+agfot - +anf, =0.
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Next, since (2.6) is controllable, then for each e;, ¢ = 1, 2,..., n, there is (z;, u;) €
E, (i=1,...,n) such that

x(T)=wie; (i=1,2,...,n).

Thus .
arfi(@) + -+ anf,(w) =Y af =0,
=
which proves that {f,, fo,..., f,} is linearly independent; therefore dim K = n.

Then, by Theorem 2.36 (Minkowski-Farkas s theorem version), we have that
Kt = NKS
That is to say, for all f; € K", there is a € IR"™ such that

fHlw, w) = (a, Az, u)(T))

T
<a /0 [A(t)x(t)+B(t)u(t)]dt> ((z, u) € By).

O

Proposition 2.43. Let A, J;, : [0, T] — R™",k=1,2,3,...,p and B: [0, T| —
IR™™" be measurable and bounded matrix Junctions. Suppose the following impulsive
linear system is controllable on [0,T] for any b = (b1,ba,...,by) € R" = (IR™)?

{ i(t) = A)z(t) + Bt)u(t), te(0,7], t#t
:E(tk) = jk(tk)x(t,:) +br, k= 1,2,3,...,p.,

where (z, u) € By := PW([0,T);R"™) x L. [0, T|. Let us define the following cone

(2.8)

KQ = {(33, U’) EEI/Z‘(T):O? J"(t;:)_jk(tk)x(t]:)zo7 k:172737"'7p}'
Then dim K = n(p + 1), and also for all f € K there is a € R™P*Y such that
fl@,u)=(a, (@(T),2(tr) — Te(t)x(ty), ... a(tp) — Ti(ty)2(t,))), (z, u) € Er.

Proof. Consider the following linear and continuous operator A : E; — R"(HP)
defined as follows

Ale,w) = (2(T),2(tr) = Tu(t)a(ty), - alty) — Tilty)alt;)) -

Since system (2.8) is controllable, then Im A = R"(HP) . Now, let f € K3, then
ker A C ker f, and by the factorization lemma from (see [22, pg 15]), there is a linear-
continuous function g : R™**P) — IR such that

f=goA.
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But, it is well known that g has the following form
g(@) = {a, @),  (z€ R"P),
for some fixed a € R"*?). Therefore
f(@,u) =(a, (@(T),x(tr) = Te(t)z(ty), .., x(ty) = Tu(tp)x(t,))),  ((z,u) € En).

Now. let {ei, ea,..., €npt1)} be the canonic basis of R"P*D where ¢; =
(€i,1,€i2,- € (ps1)), With ez € IR", and define the following linear functionals
fioBi—R, i=12.... n(p+1),

fil@) = (i, (@(T),2(tr) = Ti(t)z(ty), ..., 2(tp) = Tp(tp)z(t,)) . ((z,u) € Br).
Then, given f, € K3 there exists a € R™?*Y such that
falw,u) = (a, (@(T),2(tr) = Ti(t)z(ty), - .., 2(tp) — Tp(tp)a(t;))) -
On the other hand, we know that a = >7* a;e;. Then,

p+1
fQZZai?i (C%ER,ZZLQ,,TL(])—Fl))
=1

Let us see that {f;, fo,..., ?(p +1)} is a linearly independent family, for which we
consider o; € R (i =1, 2,..., p+ 1) such that

arfi tasfy+ -+ an(p+1)?(p+1) =0.
Since, for any b = (b1,b,...,b,) € IR™ the impulsive system (2.8) is controllable,

then for each e;, i =1, 2,..., n(p+1), with e; = (e;1, €52, -+ , €ip), there is (z;, u;) €
E, (i=1,...,p+1) such that

z(T) = ajesn, and  z(ty) — Te(tr)z(ty) = aue (k=2,3,...,p+1).

Thus
_ o p+1
anfy(wr, )+t anf i (@ upn) =Y _af =0,
which proves that {f,, fo,..., ?(p+1)} is linearly independent; therefore dim K =
n(p+1).

O

Now, we will give an important example related with support functionals.
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Example 2.44. Let M C R" and Q := {u € LT[0, T] /u(t) € M, t € [0, T],a.e.}
and consider u°® € Q, a € LT[0, T] and f : LT, — IR defined as follows

T
flu) = /o (a(t), u(t))dt, (ue LL).

Let us suppose that f(u) > f(u°) (u € @), then for all U € M and almost all
telo, T

{a(t), U —u°(t)) > 0.
For details of this example see [18, pg 76].

Finally, we have the well known formula for integrating by part in the Lebesgue
Integral

Proposition 2.45. (Integration by parts for Lebesgues integral)
Let f,g9 : [a, 5] = IR be two differentiable function almost every well, such that
f'g,fg’" € L*([o, B, IR). The the following formula holds

Fgdp = lim f(#)g(t) = lim f(H)g(t) = | fg'dp.

t—a [0, 8]

[, 8]

3. Optimal Control Problem for Impulsive Differen-
tial Equations

In this section we will show how Dubovitskii-Milyutin theory can be applied to gen-
eralize the maximum principle of [18]. The generalization consists in admitting an
finite number of impulses in the differential equation presented in the problem. We
will also see that in a linear dynamics case, under certain additional conditions, the
maximum principle is a sufficient condition for optimality. After that, we shall give
an example that illustrates the applicability of the main result of this section.

3.1. Maximum Principle in the Space PW([0,T];R") x L”_
Let n, r € Nand T € IRy, and consider the functions ®, ¢, Jj :

¢ : R"X R x[0,T] — IR,
® : R'"xR x[0,T] — R",
T+ R"— IR",
where PW([0,T];R™) and L’ are define by

PW(0,T;R") = {2:0,7) = R":2z€ C(J;R"),3z()), 2(t;,)
and  z(tx) = z2(t,), k=1,2,3...,p},
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where J =[0,7] and J" = J\{t1,ts,...,t,}, endowed with the norm

Izllo = sup [[z(t)|[en,
t

)

and LT, = L7 ([0,T];R") be the space of measurable function essentially bounded
with essential norm.

Let us suppose that the following conditions are fulfilled

a) @, v and Ji are continuous functions, with derivatives ®,, @, @z, Pu,
J;. are bounded functions on compact sets of IR™ x IR" x [0, T].

b) M C IR" is convex and closed with ]\0475 0.

¢) The following linear system is controllable
&(t) = @u(x°(t), u°(t), )z (t) + pu(z°(t), u(t), t)u(t), te (0,7], a.e. (3.1)

d) The corresponding impulsive linear variational equations around the point
(z°, u°) € E is controllable on [0, T] for any b = (b1, bg,...,b,) € (IR™)P

{a‘c(t>=wz<x°<t>, W (), O2(t) + pu (1), w(t), ult), te(0.T), t#t,
2(t7) = T (6 )alty) + be, k=1,2.3,....p.

(3.2)

REMARK 3.1. According to the results presented in the references [10, 28, 29, 30,
31, 32, 33]) on the controllability of control systems governed by impulsive differential
equations, a sufficient condition for system (3.2) to be controllable is that system (3.1)
1s controllable and the following condition holds for the impulses.

_ 1

Theorem 3.1. Suppose that conditions a) - d) are fulfilled. Let (z°, u®) € E be a
solution of Problem 1.1:

Then, there exists Ao € R4 and a function ¢ € PW([0,T];R™) such that Aoy and
both are different from zero, and v is solution of the following differential equation

U(1) = —pi(a°(7), u* (1), T)U(T) + AoPu(2°(T), u(7), 7),
{ H(T) = a. 0 (3.4)

Moreover, for allU € M and almost all t € [0, T] the following inequality hols

(—ou(@®(t), u®(t), )Y () + Ao Pu(2°(t), u°(t), 1), U —u(t)) =0 (3-5)
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Proof. Let F : E — IR be a function defined as follows

F(x, u) = /0 D(x(t), u(t), t)dt,

H. Leiva

and let Q := Q1 N Q2 where @3, Q; are given by points (z, u) € F, which satisfy
(1.3)-(1.5) and (1.6) respectively.
Then, Problem 1.1 is equivalent to

a)

F(z, u) — min

(x, u) € Q.

Analysis of the function F.

Let Ko := K4(F, (z°, u°)) be the decay cone of F' in the point (z°, u°). Then,

by Theorem 2.22, we have that

Ko ={(z,u) € E/F(2°, u°)(x, u) < 0}.

Suppose for a moment that Kg # (), then by Theorem 2.29 we obtain

Ki = {2 F(z° u®) / Ao € Ryo}-
By example 2.23, we obtain that
— T
F (2° u®)(z, u) = / (@, (2%, u®, t)x(t)+Py(z°, u°, t)u(t)]dt,
0

Therefore, for all fo € K, there exists A9 € IR} such that

folz, u) = —)\0/0 [@,(x°, u®, t)x(t) + Po(z°, u®, t)u(t)]dt,

Analysis of constraint Q.

Let us consider the set

((z, u) € E).

((z, u) € E).

Qh = fue L[, T)/u(t) € M, te[0,T], ael}.

Then Q1 = PW([0, T];R™) x Q). Moreover, by the hypothesis M is convex and

closed, with ]\04 = (). So, the following statements hold

i) Q1, Q) are convex and closed.

i) Q0 Q0.
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If we call K; the admissible cone to @7 in (z°, u°) € @1, then
K; =PW([0,T];R") x K7,

where K is the admissible cone @} in u°® € Q).
Therefore, for all f; € K there is f] € K|T such that f; = (0, f}).

By Theorem 2.26, it follows that f] is a support of @} at u°.

Analysis of the constraint Q5.

Let us find the tangent cone to Q2 at the point (z°, u°)

K2 = KT(QQ, (JZO, Uo)).
Consider the space By = PW([0,T];R") x R"*P) = E, and the operator:
P : E; — FE5 defined by

P(z,u)(t) = (x(t) — T —/0 pz),u(),Ddl, S(z,u), z(T)- x1> ,
where

Sz, u) = (x(t) — Ji(@(ty)), x(t2) — Fala(ty)) - x(tp) — Tp((ty,))) -
Then
P/(a,u")(@. ) =

(x(t)—/(%(ﬂc(’(l),w’(l% D) + u(x°(1), u* (1), Du))dl, S'(z,7), w(T)>,

0
with
S'(z,a) = (T(tr) — J{ (@ () z(ty), -+ JE(ty) = Ty (2°(t,)z(t,) -

We want to find conditions under which the operator P’(z%, u°) is onto in order
to apply Lustenik theorem 2.27. So, for (a(-),b1,b2,...,bp,x1) € E9, we want
to solve the equation

P/(xo,uo)(f’ﬂ) = (a’(')v blv b27 DR} bpaxl)'

Now, suppose that @ = 0. Then, from ( [25], pg 89), we know that the following
Volterra integral equation

2(t) = alt) + / (@ (1), (1), D=(D)dl,
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has a solution z € PW([0,T]; R™).
Next, since the impulsive linear variational equation (3.2) is controllable, for a
point (b1, ba,...,b,) € IR" with

b = b — 2(te) + TL(20(t;))2(ty),  k=1,2,3,...,p,

there exists a control w € L% such that the corresponding solution y(t) of (3.2)
satisfies y(T) = 21 — z(T) and

y(tr) = Tt )yt ) +be, k=1,2,3,...,p
Let us make the following change of variable T = y + z. then
P/(@,u) @, 0)(0) = ((y+2)(1)-
(ula Dy + 20 + 90 DTN S/, o+ 2)(T) )
() + o(0)-
(o (2, u®, Dy(1) + pu(2®, v Du))dl,  S'(z,7), (y+ Z)(T))
(a(t), S'(z,w), w1).

Now, we shall see that S'(Z,w) = (b1, be, ..., b,). In fact,

”N”\

( y ):

(@(t) = T/ (@O @)zt ), T(ty) — Ty (20(t;))Z(t,)) =

((y +2)(t1) — J{(wo(tf))(erZ)(tI% (y+z)(tp) Tp(@0(t)(y + 2)(t,))
((b1+z t) § T @Ot )N z(t] ), by + 2(tp) — T (20(t;)2(t)
bi,ba,...,b,).

Therefore, the operator P'(2°,u°) is onto. Then, applying Lusternik’s Theorem
2.27, we get that tangent cone K» is given by

Ky = {(z, u) € Ey /| P'(2°, u®)(7,u) = 0}.

i.e., K5 is the set of points (T,u) € E; such that

T(t) = @u(a°(t), u(t), DT() + pu(z°(t), u(t), hult), t+#ty (3.6)
() = FEE)Et;), k=1,2,3,...p. (3.7)
Z(T) = 0 (3.8)

Consider the following linear subspaces
L, ={(z,u) € E1/(3.6) — (3.7) hold}, L,={(z,u)e€ Ey/ =(T)=0}.

Then, K5 = Ly N Ly. Now, let us compute K;‘. By Proposition 2.40, we have
that fap € L7 if, and only if, there exists a € IR” such that

fgg(&?, U’) = <a’7 x(T)> (('Ta u) € E)
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Moreover, the controllability of systems (3.1) - (3.2) implies that L; + Lo is
closed, then it follows that L] + L is w*— closed; hence by Lemma 2.5 we
obtain that

K =L+ L.

Since L; is a linear subspace, it follows from Theorem 2.28 that, for any

fo1 € LT, f21(7, 1) = 0 for all (7,7) satisfying (3.6)-(3.7).

Euler-Lagrange equation.

It is easy to see that Ky, K1, K5, are convex cones. Hence, by
Theorem 2.15 there are functionals f; € K;” (i = 0, 1, 2,) not all zero such
that

fot+rfit+fo=fo+ fi+ far+ faa=0. (3.9)

Equation (3.9) can be written in the following form

—)\O/ [D,(2°, u®, t)x(t) + Po(z°, u®, t)u(t)]dt+

Fl(@ 1)+ for(x, w) + (@, 2(T)) =0, ((x, u) € E).

Now, for all u € L7 there exists Z, solution of system (3.6)-(3.7) with Z(0) = 0.
Then (Z, u) € L;. Therefore fo1(T, u) = 0.
Let 9 be the solution of equation (3.4), that is

{ D(t) = =3 (x°(7), u*(7), T)Y(7) + Ao@u(2°(7), u®(7), 7)
Y(T) = a.

Multiplying both sides of this equation by T and integrating from 0 to T, we
get

Ao /0 D, (2°, u®, O)Z(t)dt — (a, (T)) =
T T

/ (W), T(t))dt + / (gt (22, u®, By (t), E(t))dt
0 0

~(a, 7(T)) = (1), T — / (W(2), 7(t))dt
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Then, from Euler-Lagrange equation (3.9), we obtain for (u € L [0, 1), that

T
fi(t) :/o (—ou(@®(t), u®(t), )Y (t) + Ao Pu(2°(t), u®(t), t)u(t))dt. (3.10)

Since fi is a support of Q] at the point u°® € @}, from example 2.44, it follows
that

(= (a®(t), uo (1), )(t) + Ao Pu(2°(t), u(t), 1), U —u°(t)) = 0,

for all U € M and almost all ¢ € [0, T.
Now, we will see that the case Ay = 0, ¥ = 0, is not possible. In fact

If » = 0, then ¥(T) = a = 0. Thus
f22(xv u) = <a’ m(T» =0 ((xa u) € E)v

that is foo = 0. So, from the fact that \g = 0, we get that fy = 0. Also, from
(3.10), we have that f{(u) =0 (u € L7 [0, T]); then from Euler— Lagrange
equation it follows that fo; = 0, where

fo=fo1+ faa =0,

which contradicts Theorem 2.15.
So far, we have two additional assumptions:
Firstly, we assumed that Ky # (), and secondly, we assumed that system

&= (2%, u®, )x(t) + pu(z°, u°, ,t)u(t)

is controllable.
Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Kj, we have that

/0 (@2 (2°(2), u®(t), D)a(t) + Pu(2°(t), w(t), hu(®)ldt =0 ((z, u) € E).

Let us put Ag = 1, ¥(T') = a = 0, then, from last computation, we have that

/0 (@522, u®, D) (t), x(t))dt = — / (@h(a®, u®, (), u(t))dt,

for all (z, w) such that x is solution of equation the (3.6)-(3.7). Then

/O (0 (@°(t), w(t), )ip(t) + Pu(2®(t), u®(t), u(t))dt =0 (u € LL[0, T])

which implies that
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<_SDZ(‘T07 u®, t)w(t) + q)u(lp? u®, t), U-— uo(t» =0,
for all U € M and almost all ¢ € [0, T.

Now, suppose that system (3.1) is not controllable, then there is a non-trivial
function ¢ € C([0, T'], IR™) that is solution of

D(t) = i@ (1), w(1), )(t),
such that, for all ¢ € [0, T] it follows that

pu(2°(t), w(t), 1)(t) = 0.
By taking Ao = 0, we get that ¢ is solution of (3.4), and therefore

(=pu(@®(t), u®(), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Thus, the proof of Theorem 3.1 is completed.

4. Sufficient Condition of Optimality
The necessary condition of optimality proved in Theorem 3.1 (Maximum Principle),

under certain additional conditions, is also sufficient. In fact, let us consider the par-
ticular case of Problem 1.1 in which the differential equation is linear.

PROBLEM 4.1.

T
/ B(a(t), u(t), t)dt —s min
0

(4.1)
(z,u) € E=PW([0,T];R™) x L ([0, T]; R"),
z(t) = A(t)z(t) + B(t)u(?), (4.2)
z(0) =z, x=(T)=ux1; x1, 9 € R", (4.3)
z(t) =a(ty) + Te(z(tr), k=1,2,3,...,p. (4.4)
u(t) € M, t €0, T], a.e. (4.5)
where A(-) : [0, T] — R™™", B(:):[0, T] — IR™™" are measurable and bounded
matrix functions and Jp —n x n matrix, k =1,2,3,...,p . Let (2°, u°) € E be a

point satisfying conditions (4.2)— (4.5).
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Theorem 4.1. Let us suppose that the conditions a) - d) from Theorem 3.1 are sat-
isfied.

Besides, let us assume the following hypotheses:

I) The system (4.2) and the impulsive system (4.2)-(4.4) are controllable.
II) There exists u € L7 [0, T| such that u(t) GJ\(ZI, for almost all t € [0, T).

III) ® is a convex function in its two first variables.

Then (x°, u®) is global solution of Problem 4.1.

Proof. Let us define the function F : E — IR as follows

T
F(x,u) = /0 O(x(t), u(t), t)dt,

and the set @ := Q1 N Q2, where Qs is given by (4.2)-(4.4) and Q1 by (4.5).
Then, Problem 4.1 is equivalent to:

F(z, u) — min

(z, u) € Q.
It is clear that @; (i = 1, 2) are convex sets, and from the condition I1I) we have

that F is convex, and from condition II) we have that (7, @) €Q; NQs.
Thus, by Theorem 2.17 it follows:

(2°, u°) is a minimum point of F in Q if, and only if, there are f; € K;* (i =0, 1, 2),
not all zero such that
Jot+ i+ f2=0.

Here, K; (i =0, 1, 2) are cones defined as in Theorem 3.1. Now, suppose that the
Maximum Principle of Theorem 3.1 holds. That is to say, there exist Ao € IRyo and a
function ¢ € PW([0, T]; R™) such that Ao and ¢ are not both zero, and ¢ is a solution
of the following differential equation

D(t) = —A* ()Y () + AoPu(2°(t), u°(t), 1)
{ i 0 (4.6)

Moreover, for all U € M and almost all ¢ € [0, T|, we have that
(=B* () (t) + Ao Pu(2°(2), u°(t), t), U —u°(t)) > 0. (4.7)

Then, to prove the theorem, it is enough to see that there are f; € Kj (i=0,1,2)
not all zero, such that fo + f1 + fo = 0. To do so, we define the following functionals:
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fi « L,—RmR fi:E—R

() = / (—B*()(t) + Ao @ (2°(8), u2(2), 1), u(t))dt,

fl = (07 f{)
Let
Qy={uell /ult)eM, t€l0,T], ae.}.

Then, from (4.7), we obtain
fitw) = filw®)  (ueQ)).

Therefore f] is a support of Q] at u°. Hence f; = (0, f]) € K. Let us define the
functional fo; : F — IR as follows

For (@, 1) = Ao / (@ (2° (1), (), )(t) + (2 (1), u (1), Dyu(t)]dt

0
—fi(uw) = (a, z(T)).
Now, we will see that fo; € LT, where
Ly ={(x,u)/(4.2),(4.4) hold},

as in the Theorem 3.1. In fact, suppose that (z, ) € Ly, then multiplying both sides
of the equation (4.6) by ¢ and integrating by parts from 0 to T', we obtain that

T
X / (4 (2° (), u(t), D)(t), z(t))dt

~a, 2(T)) = — / (B (1) (1), u(t))d.

Then

for(x, u) = —f{(u) —/0 (B*(t)¥(t), u(t))dt + Ao/o D, (2°(1), u(t), thu(t)dt.
Therefore
f21(x7 u) = _f{(u) + f{(u) =0,

Thus f21 S Lii_
Next, we shall define the following functionals

an f17 f27 E— Ra
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by
T
folz, u) = )\0/0 [ (2°(t), u®(t), t)a(t) + Pu(z°(2), u°(t), t)u(t)]dt

fg(.’[, 'LL) = fgl(l', U) -+ <a, l'(T» = f21($, ’LL) + f22(CE, U)

Then fo € K, f1 € K{, fo € K, and also

fo+ fi+ f2=0,

not all these functionals are zero, because by hypothesis Ay and v are not both zero.
From the convexity conditions, it follows the global-minimality of (z°, u°). O

5. Modification of Boundary Conditions

We now discuss problem 1.1 with modified boundary condition. We replace the end
condition of (1.4) by a more general condition, in other word, we consider the following
optimal control problem

PROBLEM 5.1.

/0T<I>(x(t), w(t), £)dt —> min loc. (5.1)

(z, u) € E = PW([0, T|; R") x LT, ([0, T); "), (5.2)
#t) = plalt), ult), 1), o(0) = o (53)

vo € R™; Gy(z(T)) =0, i=12....q. (5.4)
z(th) = 2(ty) + Tu(z(te)), k=1,2,3,...,p. (5.5)
u(t) €M, te[0,T), ae. (5.6)

where G;(z) are differentiable scalar functions on IR". So arguing exactly as in the
previous problem 1.1, under certain conditions that we will present immediately, the
cone of tangent vectors K is the set of points (Z,u) € E such that

z(t) = @u(@®(t), u’(t), )T(t) + pu(z (),U"(t)vt)U(t), t#t,  (5.7)
zt)) = FE)T,), k=1,2,3,... (5.8)

k
(GL(2°(T)),z(T)) =0, z:1,2,3,...,q. (5.9)
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But, in order to compute the tangent cone K5 we have to assume the following
condition on G4(x°(T)). Consider the jacobian matrix of

G(x) = (G1(x), G2(x), G3(x), - -, Gg(x)) (5.10)

around the point z°(T)

R HER 2
E=G@(T)=| . = o . (511
G (z°(T)) Gya(z°(T)) -+ Gy, (z°(1))

Additional Hypothesis

H) Rank(Z)=gq.

REMARK 5.1. Condition H) is equivalent to say that the operator = : IR" — IR? is
onto (Range(Z) = IRY), which is equivalent that (E2*)~! exists. Therefore 2+ =
EX(EE*)"! is a right inverse of 2. So, the equation Zx(T) = a admits the solution

2(T) = =*(22*)~la.

In order to compute the tangent cone, we have to modify the operator P defined
in problem 1.1, Let us find the tangent cone to ()2 at the point (z°, u°)

K2 = KT(QQ, (SEO, uo)).

Consider the space By = PW([0,T];R™) x R™ P x IR = E, and the operator:
P : E; — E5 defined by

Pl = (s~ 0 [ olall. a0, S0, Gar).
where
S ) = (2(02) — il {ta) — Talalt3)) -~ (ty) — Tplalt )
and G is given by (5.10). Then
P’(xo,uo)(?,ﬂ) =

<x(t)—/(wx(w°(l)7U°(l), D) + eu(x(1), (1), Du(l))dl,  S'(z,), E9C(T)>

0
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and E is given by (5.11). We want to find conditions under which the op-
erator P’(z° u®) is onto in order to apply Lustenik Theorem 2.27. So, for
(a(-),b1,b2,...,by,a) € Ey, we want to solve the equation

P'(2°,u°)(z, 1) = (a(-), b1, b, ..., by, ).

Now, suppose that @ = 0. Then, from ( [25], pg 89), we know that the following
Volterra integral equation

has a solution z € PW([0,T]; R™).
Next, since the impulsive linear variational equation (3.2) is controllable, for a point
(b1,ba,...,bp) € IR" such that

b = by — 2(t) + Tt )=(ty), k=1,2,3,...,p
Then, there exists a control w € L such that the corresponding solution y(¢) of (3.2)
satisfies
y(T) = *(E2") a— «(T).
Let us make the following change of variable T = y + z. Then
P2 u0) (@, 7)(t) = ((y + 2)(t)—
¢
(a0 D+ )0 + e DU, '@, S+ 2)D))
0
= (y(t) + a(0)-
(pula®, . Dyl + 90, o D)L, '), == (22") )
0
= (a(t), S'(z,u),a).
Now, we shall see that S'(Z,@) = (b1,b2,...,bp). In fact,
S'(z,u) =
(@(t1) — F{ (2t NT(tr ), JZ(ty) — Ty (2°(t,))z(t,)
((y +2)(t1) = T{(@°(t)(y + 2)(t1), - (y+2)(tp Ty
x

= (by + 2(t1) = F{(«°(t7)2(t7 ), -+ Jbp + 2(tp) — T,
= (by,ba,...,by).

Therefore, the operator P’(x°,u") is onto. Then, applying Lusternik’s Theorem 2.27,
we get that tangent cone Ky is given by

Ky = {(z, u) € By / P'(2°, u®)(7,w) = 0}.
i.e., K is the set of points (Z,w) € E; such that
T(t) = pu(a®(t), u (), OT() + pu(2°(t), w(t), ult), t # e (5.12)

z(t)) Ti(@ e Nz(ty), k=1,2,3,...,p. (5.13)
Ez(T) = o. (5.14)
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Consider the following linear subspaces
Ly ={(z,u) € E1/(5.12) — (5.13) hold}, Lo={(z,w)e€ E1/ =z(T)=0}.

Then, K9 = L1 N Ly. Now, let us compute Kj. By Proposition 2.40, we have that
fa2 € L2+ if, and only if, there exists a € IR* such that

for(x, u) = (a, Z2(T))  ((z, u) € E).

Moreover, the controllability of systems (3.1)- (3.2) implies that L; + Lo is closed,
then it follows that L] + L3 is w*— closed; hence by Lemma 2.5 we obtain that

Kf=L{+Lj.

Since L; is a linear subspace, it follows from Theorem 10.1 of (See [18, pg 59]) that,

for any fo; € Ly, f21(Z, @) = 0 for all (Z,w) satisfying (5.12)-(5.13).
Euler-Lagrange Equation.

Clearly that Ky, Ky, Ko, are convex cones. Hence, by Theorem 2.15 there are func-
tionals f; € K;” (i =0, 1, 2,) not all zero such that

fotfi+tfa=fo+ fi+ fa+ f2=0. (5.15)

Equation (5.15) takes the following form

—)\0/0 [, (2°, u®, t)x(t) + Po (z°, u®, t)u(t)]|dt+ 510

+f1(z, u) + for(z, u) + {a, Zx(T)) =0, ((z,u) € E).

Now, for all uw € L7 there exists z, solution of equation (3.2) with z(0) = 0, then
(z, u) € L. Therefore fo;(x, u) = 0.
Let 9 be a solution of the system

{ (1) = =i (°(r), w(7), T)Y(7) + Ao®au(2°(7), u(7), 7)
Y(T) =Z*a

Multiplying both sides of this equation by T and integrating by parts from 0 to T, we
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get
T — ——

Mo /O B, (2°, v, F(H)dt — (a, SF(T)) =

/ (W (t), T(e))dt + / (@ (@, u, B (), T(E))dt — {a, ST(T)) =

0 0
T . T

W(t), 7(6)]T - / (Wb(), #(t))dt + / (@h(a®, u®, pp(t), () dt — (a, BR(T)) =
0 0

(1]
*
8
g
—
~
=
|
<
—~
S
8

T .
7(0)) — (a, ET(T)>+/0 (1), pa(2°, u®, )T(t) —T(t))dt =

T T
—/ (W(t), pu(@®, u®, t)u(t))dt = —/ {0 (2%, u® )9 (), ult))dt.
0 0

Then from Euler-Lagrange equation (5.15), we obtain for (v € L’_[0, T]), that

T
fi(u) = / (= (@°(t), u(t), )p(t) + Ao Pu(2°(t), u’(t), t)u(t))dt. (5.17)
0
Since f] is a support of @} at the point u° € @Q, from example 2.44, it follows that

<_‘p2(xo(t)7 uo(t)7 t)lﬁ(t) + Ao Q)u(mo(t), uo(t)= t)? U-—- uo(t)> >0,

for all U € M and almost all t € [0, T1.

0

REMARK 5.2. Now, we will see that under these assumptions, the case \og =0, 1) =0,
can not occurs. If v =0, then (T) = Z*a = 0. Thus

foa(x, u) = (a, Ex(T)) =0 ((z, u) € E),

that is fae = 0. So, from equation (5.16), and the fact that A\g = 0, which implies that
fo=0. Also, from (5.17), we have that fi(u) =0 (u € L5 [0, T]); then from Fuler—
Lagrange Equation it follows that fo; = 0, hence

fo=fo1+ faa =0,
which contradicts Theorem 2.15.

REMARK 5.3. Analysis of the exceptional cases. In the course of the proof we
have to made two additional assumptions: Firstly, we assumed that Ko # 0, and
secondly, we assumed that system

x(t) = pu(2°(1), uo(t)7 t)z(t) + @u(xo(t)ﬂ uo(t)7 t)u(t), te (077—]7 (5‘18)

is controllable.
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Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Ky, we have that

T
/0 [, (z°(1), u®(t), Da(t) + By (2°(t), u®(t), Hu(t)dt =0 ((z, u) € E).

Let us put \g = 1, (T) = E*a = 0, then, from last computation, we have that

| @, v = [ (il 0u.u)at
0 0

for all (z, u) such that x is a solution of equation the (5.18). Then

T
/0 (—eu(a®(t), w(t), ) (t) + o (a°(t), u®(t), thu(t))dt =0, (u e LL[0, T]),
which tmplies that

(—pk (20, u®, )(t) + @y (2°, u®, t), U —u°(t)) =0,
for allU € M and almost all t € [0, T).

REMARK 5.4. The controllability of the linear system,
x(t) = A(t)x(t) + B(t)u(t), te(0,7], (5.19)
where A(t) = p(x°(t), u°(t), t) and B(t) = . (z°(t), u°(t), t), is equivalent to:
B*(t)[¥* ] t)z =0, Vt€[0,T]= 2=0.

Here U(t) is the fundamental matriz of the uncontrolled system z = A(t)z and
PY(t) = [W*]7L(t)20 is a solution of the adjoint initial value problem

2=—-A"t)z, 2z(0)= z.

Now, suppose that system (5.19) is not controllable, then there is a non-trivial
function ¢ € PW([0,T];R™) that is a solution of

h(t) = =i (a°(t), u®(t), D)P(D),
such that, for almost all ¢ € [0, T it follows that
—pu(x°(t), u®(t), H)(t) = 0.
By taking \g = 0, we get that ¢ is a solution of (3.4), and therefore
(=n(@®(t), u®(t), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Throughout this reasoning, we have proved the following theorem:
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Theorem 5.1. Under conditions of Theorem 3.1. Let assume that Rank(E) = q and
(z°, u®) € E be a solution of Problem 5.1:

Then, there exists Ao € IRy¢ and a function ¥ € PW([0,T]);R™) such that Ao and ¥
both are different from zero, and v is a solution of the following differential equation

(1) = —1(a°(), w2 (), T() + Ao (o), (), 7)
{ == 0 (5:20)

Moreover, for allU € M and almost all t € [0, T] the following inequality holds
(=pu(@®(t), u®(t), )ip(t) + Ao Pu(2°(t), u®(t), 1), U — u’(t)) = 0. (5.21)
REMARK 5.5. Consider the function
H(x,u,,t) = (p™(x, u, t),0(t)) — MP(x,u,t).

Then
Hu(xoauo7w7t) = @Z(xoa uo’ t)¢(t) - )\O(I)u(l‘o7uovt)'

Since a necessary condition for H(xz°,u,,t) to have a maxzimum on M, as a function
of u, is that —H,(x°,u®,1,t) be a support ot M at the point u°(t), it follows that
(5. 5) may be paraphrased as follows. If (x°,u°) is a solution of Problem (1.1) and
the assumptions of Theorem 3.1 hold, then H(x°,u,,t) as a function of u on M,
satisfies the necessary conditions for a maximum for almost all 0 < t < T at the
point u = u°(t). A comparison of this statement with the classic maximum principle
justifies the designation ”local mazimum principle”. Specifically we have the following:

(—Hy(a%u®,9,1),U —u’(t)) = 0 <
Hu(xoauovwvt)uo(t) 2 Hu(xo7uoa¢’t)U'

Hence,
Hu(m ) U 7’1/)7t)u (t) = {fnea]\}}Hu(x ) U ad)at)Ua te [OvT]a a.e.

Since the linear system (3.1) is controllable, then slight modification of the proof of
Theorem 8.1 allows us to assume that A\g = 1.

6. Example

Now, we shall give an example as an applications of the main result of this work. In
this regard, we will give below two previous propositions.

Proposition 6.1. Let xg € IR", and A = (a;j)nxn be a real matriz, such that
ai; >0 (i#74,4,7=12,...,n). Then

ety € RY, (te€lR).
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The proof of above proposition is trivial.
Let M C IR" be a set, then we define the set Q) as follows:

Qum ={ue Ll [0,T]/u(t)e M, t€[0,T], a.e.}.

Proposition 6.2. Let g € IR'}, and B = (bij)nxr a real matriz. Then there exists
M C IR" convezx and closed, with ]\3_[76 (0 such that

t
(eAt T —I—/ eAt=)B u(s)ds) € R, (u€ Qum, t €0, T], ae.).
0

Proof. Let {e1, ea,..., e,} be the canonical basis of IR", and define
. At .
i = ) ’ = 1; 2; cey y
! terr[%)l,nT] (es, €™ gy, (i n)
V o= (o, ag,..., ay).

Then, by proposition 6.1 it follows that V' € IR'}.

Let ¢ := min{e; /¢ = 1, 2,..., n}; then for all z € IR™ such that |z| < §, we have
that V +z € IRY}.

Let us consider

K;:= max |[e?], Ky:= max [e” .
te[0, T] tel0, T]
Then
T
/ =% Bu(s)ds| < T K1 Ka| Bl|||ul| o,
0
and taking
)
M=}XUeR /U< =——7,
V& R0V S g )
we finish the proof. O

Next, we shall consider the following example where Theorem 3.1 can be applied:

Example 6.3. Let n =2, » = 1 and suppose that & satisfies the same conditions as
in the Problem 1.1, furthermore let us consider

b1 a11 a2
B = s A= i a2 >0, ag, >0
bis agy Qg2
M o= {UER/|U| < 5}
' T TK KBl J”

where 0, K1, Ky are defined as in Proposition 6.2.
Let us consider the following problem

/T O(x(t), u(t), t)dt — min —loc. (6.1)
0
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(2, u) € PW([0, T); R") x L, (0, T]; R")

#(t) = Az(t) + Bu(t) (6.2)

2(0) = zo, x(T) =13 0, 21 € R (6.3)
a(th) = x(ty) + Te(z(ty), k=1,2,3,...,p. (6.4)
u(t) e M, t €0, T], a.e. (6.5)

Let (z°, u®) € E = PW([0,T];R™) x L% ([0,T]; R") be a solution of the above prob-
lem, then conditions of Theorem 3.1 are fulfilled. In fact, clearly condition a) is
satisfied. Also, M closed and convex set with M° # ().

c¢) The linear system (6.2) is controllable. Since this is an autonomous system, we
assume that Kalman’s Rank condition is satisfied (see [12, 13, 27]). i.e.,

Rank [B:AB] = 2.

d) The linear system (6.2) with impulses (6.4) is controllable if the following condition
is assumed:
pmax || Tkl <1, k=1,2,...,p.

(see [8, 29, 31, 33]). Hence, there exist A\ € IR;, a € IR? and a function ¢ €
C([0, T), IR?), which is a solution of the equation

PY(t) = —A*(E)Y(t) + NP, (z°(t), u°(t), t), (6.6)

such that Ao and ¢ are not both zero, and for all U € M and almost all ¢ € [0, T,
we have that

(=B (t) + Ao Pu(2°(t), u®(t), 1), U —u’(t)) 2 0
or equivalently

max (B ¢(t) — Ao u(z®(2), u®(t), 1), U) = (B"%(t) — Ao Pu(a”(t), u°(2), 1), u*(2))
(6.7)

for almost all ¢t € [0, T7.
Let us consider the particular case, in which

®(z, u) = Cu ((z, u, t) € R* x R x [0, TY),
and let us see how should be the controls u € Ly [0, T] that solve the problem:
G(t) = —ATOY(E) + AP (2°(1), u(1), 1),
max(B(H) ~ WO = (B(H) — 2 Chu(), U € [—p, g

for almost all ¢t € [0, T, where p = 6/Ky K || B||T.
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Let
Np- = {z€R*/B*z— \C =0},

S = {tel0,T1/y(t) & Np-},
then u°(t) := p sig (B*(t) — Ao C) if t € S.

This means that the optimal control should be of the “bang-bang” type over the
set S.

7. Optimal Control Problem for Impulsive Neutral
Differential Equations

In this section we will show how Dubovitskii—-Milyutin theory can be applied to gener-
alize the Maximum Principle of [18] to the case of optimal control problems governed
by impulsive nonlinear neutral differential equations. We will also see that in a lin-
ear dynamics case, under certain additional conditions, the Maximum Principle is a
sufficient condition for optimality.

7.1. Maximum Principle for Neutral Differential Equations in
the Space PW([0,T];R™) x LL_.

Let n, r € Nand T € IRy, and consider the functions ®, ¢, Jj :
¢ : R"xR" x[0,T] — R,
¢ : R'xR x|[0,T] — R",

J. : R"— R,
f . R*"— R"

where PW([0, T];R™) and L7 are define by

PW(0,T;R™) = {z:[0,T] - R":ze€ C(J;R"),3z(t;), 2(t;)
and  z(tp) = 2(t,), k=1,2,...,p},

where J = [0,7] and J' = J\{t1,t2,...,tp}, endowed with the norm

[2llo = sup ||z(t)||rn,
t€[0,T]

and LT = LL_([0,T];R") is the space of measurable function essentially bounded with
essential norm.
Let us suppose the following conditions are fulfilled
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a) ®, ¢, fand Ji are continuous functions, with derivatives
O, Py, Yz, Pu, Jy, f'are bounded functions on compact sets of
R" x R" x [0, T.

b) M C IR" is convex and closed with ]\04# 0.

¢) The following linear neutral system is controllable on [0, 77,

d

SO @ @)®)] = @a(®(t), u? (@), )2 (t)+pu(2°(t), u*(#), Du(t). (7.1)

d) The corresponding impulsive linear variational equations around the point
(°, u°) € E is controllable on [0, 7] for any b = (b, ba,...,b,) € (IR")P

{ %[(I + f1(@°(1)x ()] = @a(2°(1), u®(t), )a(t) + u(x°(t), u®(t), t)u(t),
2(th) = T @O (;)a(ty) +op, k=1,2,3,....p.
(7.2)

e) The following conditions hold for all k=1,2,3,...,p

sup |[f/(@°()] <1, (2 () Ti(@0(t;)) = Ti(@ (G (2° (). (7.3)

t€[0,T)

Let us consider the following optimal control problem governed by a nonlinear neutral
differential equation:

PRrROBLEM 7.1.

/O " B(a(t), u(t), )dt —s min loc. (7.4)

(xz, u) € E:=PW([0,T];R") x L_([0,T];R"), (7.5)

%[w(t) + 1)) = (), u(t), 1),  2(0) = zo (7.6)
2(T) = z1; 71, 20 € R, (7.7)

z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (7.8)

u(t) e M, te€l0,T], a.e., (7.9)
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Theorem 7.1. Let us suppose that conditions a) - e) are fulfilled, and (z°, u®) € E
18 a solutions of the Problem 7.1.

Then, there exists Ao € IRy¢ and a function ¥ € PW([0,T];R™) such that Ao and ¥
are not both zero.

Moreover, ¥ is a solution of the following differential equation

9(7) =~ (pala(r), w?(r), IO7H) () + A0 (2°(r), (7). 7)
Rt (710

where T'(1) = I+ f'(x°(7)), and also, for allU € M and almost allt € [0, T it follows

(—eu(@®(t), u®(t), )Y (t) + Ao Pu(x°(t), u°(t), 1), U —u’(t)) = 0. (7.11)

Proof. Let F: E — IR be a function defined as follows

T
Pl w)= [ @(t), ult), )i,
0
and let Q := Q1 N Q2 where Q2, Q1 are given by pairs sets (z, u) € E, which satisfy
(7.6)-(7.8) and (7.9) respectively.
Then, Problem 7.1 is equivalent to
F(z, u) — min loc

(z, u) € Q.

a) Analysis of the function F.

Let Ko := K4(F, (2°, u°)) be the decay cone of F' in the point (z°, u°). Then,
by Theorem 2.22, we have that

Ko={(z,u) € E/F(2°, u°)(x, u) < 0}.
Suppose for a moment that Ky # (), then by Theorem 2.29 we obtain

KSF = {—A0F($O7 ’U,o)/)\o S R+O}.
By example 2.23, we obtain that
F(z° u)(z, u) = / [@,(2°, u®, £)x(t)+DPy(x°, u®, t)u(t)]dt, ((x, u) € E).
0

Therefore, for all fy € KS' , there exists Ao € IRy such that

T
ﬁ@ﬂo:fMA[@w%w»nm+¢4fﬂ&wMM@ (z, u) € E).



56

b)

H. Leiva

Analysis of constraint Q1.
Let us consider the set

Qy:={ue Ll [0, T)/u(t)e M, tel0,T], ae.},

and Q1 = PW([0, T]; R™) x Q). Moreover, by hypothesis M is convex and closed,
with A= 0. So, the following statements hold

i) @1, Q) are convex and closed.
i) Q#0, Q1#0.
If we call K7 the admissible cone to @7 in (z°, u°®) € @1, then
Ky = PW(0, TIR") x K,

where K7 is the admissible cone to @} in u°® € Q.
Therefore, for all f; € K there is f| € K|T such that f; = (0, f}).

By Theorem 2.26, it follows that f] is a support of Q) at u°.

Analysis of the constraint Q.

Let us find the tangent cone to Q2 at the point (z°, u°)
K2 = KT(QQ, (LL'O, 'LLO)).

Consider the space By = PW([0,T];R") x R"*P) = E, and the operator:
P : E; — FE5 defined by

P(z,u)(t) = (L(z,u)(t), S(z,u), =(T)-—1x1),

where
e, u)(t) = a(t) — o — fwo) + fla(t)) / (1), u(l), DL,

S(z,u) = (x(tr) = Ji(z(ty)), @(t2) = Fal(a(ty)) -, x(tp) — Tp(z(t,))) -
Then
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§'(@,m) = (3(t1) = TG )FED ), T(ty) — T )E(E))
We want to find conditions under which the operator P’(x°, u") is onto in order

to apply Lustenik theorem 2.27. So, for (a(-),b1,b2,...,bp, x1) € E2, we want
to solve the equation

P'(2°u")(z,7) = (a(-),b1,ba, ..., by, T1).

Now, suppose that @ = 0. Then, we want to solve the following integral differ-
ential equation

[(t)z(t) = a(t) +/0 (pu(2°(1), w (1), D2(D)dl,

which is equivalent to the integral equation

2(t) :I‘_l(t)a(t)—i—/ T (). (2°(1), u(1), 1)z(1)dl.

From ( [25], pg 89), we know that this is a Volterra integral equation, which has
a solution z € PW([0,T];R™).

Next, since the impulsive linear variational equation (7.2) is controllable for all
points b € IR™. In particular, for a point (b1,bs,...,b,) € IR™ such that

by = b, — 2(ty) + T (2 (t;)2(ty), k=1,2,3,....,p,

there exists a control @ € L’ such that the corresponding solution y(t) of (7.2)
satisfies y(T') = x1 — z(T).
Therefore,

t
LOu(t) = [ (pala®u D) + pula” 0 DuO)dL, 1 0.7,
0
Let us make the following change of variable T = y + 2. Then

D@, u)y + 5 W) = Ty + T (00
/ (o (@® 0 1)y + 2)(1) + u(a® u®, Da(D)dl

0

=T()y(t) +a(t) - /0 (pa(2, u®, Dy(l) + u(a®, u®, Du(l))dl = a(t).

Clearly that x(T') = ;. Now, we shall see that S'(Z,w) = (b1,ba,...,b,). In

fact,
S'(z,w) =
T(t) — J{(=0(t))z(ty ), JT(ty) — Ty (2°(t,)z(t,) =

((yjr z)(t1) — {(wo(tf))(erZ)(tI% (y+Z)(tp = Tp(@®(t,))(y + 2)(t,))
= (B + 2(02) — F{ @), By + 2(t) — Tyt )z (ty)

(b17b27"'3 p)'
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Thus
P’(xo,uo)(f,ﬂ)(t) = (L' (z°,u®)(z,w), S"(z,u), (T)) = (a(-), b1, b2, ..., by, x1).

Therefore, the operator P’(z°,u°) is onto. Then, applying Lusternik’s theorem
2.27, we get that tangent cone Ks is given by

Ky = {(z, u) € By / P'(2°, u®)(7,u) = 0}.

i.e., Ko is the set of points (Z,u) € E; such that

LOzZ®)] = wala®(t), u(t), T(t) + pulz°(t), u° (1), Yu(t),
z(t)) = Ja(t)T(ty), k=1,2,3,...,p.
Z(T) = 0

From condition (7.3), we can see that this system is equivalent to the following

COHZ®)]) = (pul(@®(t), u®(t), 01 (E) TO)T(E) + pul(@®(t), u®(t), t)u(t),
rehz) = FKEEG))TE)zE), k=1,2,3,...,p.
D(TZ(T) = 0

Making the change of variable z(t) = I'(¢)Z(t), we get the following equivalent
controllable system

2t) = (palz®(t), w(t), O0TH(2)) 2() + pu(2®(t), u®(t), tu(t),(7.12)
() = FUE )y, k=1,2,3,...,p. (7.13)
2(T) = 0 (7.14)

Consider the following linear subspaces
L, ={(z,u) € E1/(7.12) — (7.13) hold}, L.={(z,u) € E1/ z(T)=0}.

Then, K5 = L1 N Ly. Now, let us compute K;. By Proposition 2.40, we have
that fao € LQ+ if, and only if, there exists a € IR" such that

foa(x, ) = (a, 2(T))  ((z, ) € E).

Moreover, the controllability of systems (7.1)- (7.2) implies that Ly + Lo is
closed, then it follows that L + L3 is w*— closed; then by Lemma 2.5, we
obtain that

Ky =L{+L3.

Since L; is a linear subspace, it follows from Theorem 2.28 that, for any

fo1 € LT, f21(Z,w) = 0 for all (Z,7) satisfying (7.12)-(7.13).
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e) Euler-Lagrange equation.

It is easy to see that Ky, K7, Ko, are convex cones. Hence, by
Theorem 2.15 there are functionals f; € K;” (i = 0, 1, 2,) not all zero such
that

fot+rfi+fo=fot+ fi+ far+ faa=0. (7.15)

Equation (7.15) can be written in the following form

T
—)\0/ [P (2°, u®, t)z(t) + Py (x°, u®, t)u(t)]dt+

Fiwr ) + for (, w) + (o, 2(T)) =0, (&, u) € B).

Now, for all @ € L there exist z, solution of system (7.12)-(7.13) with Z(0) = 0.
Then (Z, u) € Ly. Therefore f21(Z, w) = 0.

Let 9 be the solution of equation (7.10), that is
{ B(1) = = (pa(a®(r), u*(r), ITHT)) " (1) + Ao®a(2°(7), u®(7), T)

P(T) =a
Multiplying both sides of this equation by Z = I'(7)T and integrating from 0 to
T, we get

+
S—
N~
<
—~
s
hS)
8
53
o
<
\‘O
=
=
L
—
\1
S—
S}
—
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|
N
—
~
=
QL
~
Il

T
A(WﬂwAfﬂﬁﬂﬂﬂ—W@ﬁWWﬁ=
T T
f/<ww%u%mwmmﬁ:f/<@@%wwwmmmw
0 0

Then, from Euler-Lagrange equation (7.15), we obtain for (w € L7 [0, T]), that

T
fi(t) :/o (—ou(@°(t), u®(t), )Y (t) + Ao Pu(°(t), u®(t), t)u(t))dt. (7.16)
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Since fi is a support of Q] at the point u°® € @}, from example 2.44, it follows
that

(= (a®(t), u(t), )p(t) + Ao Pu(2°(t), u(t), 1), U —u°(t)) = 0,

for all U € M and almost all ¢ € [0, T.
Now, we will see that the case Ay =0, 1 = 0, is not possible. In fact

If 4» = 0, then ¥(T) = a = 0. Thus
f22(33’ u) = <a7 .%‘(T)> =0 ((SL‘, u) € E),

that is foo = 0. So, from the fact that \g = 0, we get that fy = 0. Also, from
(7.16), we have that f{(u) =0 (u € L. [0, T]); then from Euler— Lagrange
equation it follows that fo; = 0, where

fo=for+ faa =0,

which contradicts Theorem 2.15.
So far, we have two additional assumptions:
Firstly, we assumed that Ky # (), and secondly, we assumed that the system

[C@Oz(0)]) = @a(2®, v, Da(t) + ula®, u®, ,Hu(t)

is controllable.

Now, we will prove, that these assumptions are superfluous. In fact, if Ky = 0,
then by definition of Ky, we have that

T
/o [D,(x°(t), u®(t), t)x(t) + Pu(z°(t), u°(t), u(t)]dt =0 ((z, u) € E).

Let us put A\g =1, ¥(T) = a = 0, then, from last computation, we have that

T T
/ Dy (27, u®, t)a(t)dt = —/ (P (x, u®, )v(t), u(t))dt,
0 0

for all (x, u) such that x is a solution of equation the (7.12)-(7.13). Then

T
/O (0 (2°(t), u® (1), 1)h(t) + Pu(2°(t), u®(t), 1), u(t))dt =0 (u € L0, TT)

which implies that
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<_SDZ(‘T07 u’, t)w(t) + q)u(lp? u’, t), U - uo(t» =0,
for all U € M and almost all ¢ € [0, T.

Now, suppose that system (7.1) is not controllable, then there is a non-trivial
function ¢ € PW([0,T]; R™) that is a solution of
B(t) = (9 (x°(1), u(t), T () (1),
such that, for all ¢ € [0, T] it follows that
—@u(@°(t), u®(t), )¥(t) = 0.
By taking Ao = 0, we get that 1 is a solution of (7.10), and therefore
(=en(@®(t), u(t), )(t), U —u°(t)) = 0,
for all U € M and almost all ¢ € [0, T.

Thus, the proof of Theorem 7.1 is totally completed.

8. Open Problems

Our first open problem concerns with optimal control problems for impulsive nonlinear
neutral differential equations with modified boundary condition. In other word, we
want to propose the following optimal control problem for future research

8.1. Open Problem

PRrROBLEM 8.1.

/0T<I>(as(t), u(t), t)dt —s min loc. (8.1)

(z, w) € B :=PW([0,T};R") x L ([0, T];R"), (8.2)
%[x(t) + f(2(®)] = (@), u(t), ),  =(0) =xo (8.3)
zo € R"; Gi(x(T)) =0, i=1,2,...,q (8.4)
z(th) =x(ty) + Tu(z(tr)), k=1,2,3,...,p. (8.5)

u(t) e M, te€l0,T], a.e., (8.6)
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8.2. Open Problem

Second open problem is about optimal control problem on time scales. Basically, we
want to analyze the following optimal control problem on time scales for our future
investigation:

PROBLEM 8.2.

T
/ B(x(t), u(t), )At —> min loc. (8.7)
0
(z,u) € E:=PC([0,T]r; R"™) x Crq([0, 7], R"), (8.8)
22(t) = p(a(t), ult), t),  x(0) = o (8.9)
2o € R"; Gi(x(T)) =0, i=12,...,q. (8.10)
z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (8.11)
u(t) e M, tel0,T]r, ae., (8.12)
where the state function z(t) € IR", the control u belongs to Cy4([0, 7]T, R"), the
points ¢, € T are right dense for k =1,...,pwith 0 <t < --- < t, < T, x(tﬁ) =

lim z(ty + h), z(t,)) = lim x(tx — h) denotes the left and right limits of x(t) at
h—0+ h—0+t

t = t; in terms of time scales. Also, we consider the Banach space:

PC([0,T)r; R") = {z:[0,7]r — R" : 2z € C(J'; IR"), there exist z(t]),z(t; )
and z(ty) = (t, ), k=1,2,...,p}

where J' = [0, Tt \ {t1,...,tp}, is endowed with the norm

2]l pe = sup{llz(®)]| = ¢ € [0, T]r}.

8.3. Open Problem

In the third problem we will study an optimal control problem governed by differential
equations of the neutral type on time scales:

PROBLEM 8.3. .
/ B(2(t), u(t), )At —> min loc. (8.13)
0

(z, u) € E:= PC([0,T)r; R") x Crq([0, 7], R"), (8.14)

[ (t) + f(t,x()))* = p(a(t), ult), ), 2(0) = zo (8.15)
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x0 € R"; Gi(x(T))=0, i=1,2,...,q. (8.16)
z(th) = 2(ty) + Te(x(te)), k=1,2,3,...,p. (8.17)
u(t) e M, te€l0,T]p, a.e. (8.18)

8.4. Open Problem

Our fourth open problem can be an optimal control system governed by an impulsive
equation of the neutral type and nonlocal conditions. It can also be formulated in
time scale .

PROBLEM 8.4.

/0 ’ ®(z(t), u(t), t)dt —s min loc. (8.19)

(z,u) € E = PW([0,T];R") x L7 ([0, T];R"), (8.20)
%[x(t) + [t x(t)] = e(x(t), ut), 1),  x(0) = g(x) + %o (8.21)
zo € R"; Gi(x(T)) =0, i=1,2,...,q. (8.22)

z(t) =z(ty) + Te(z(ty), k=1,2,3,...,p. (8.23)
u(tye M, tel0,T], a.e. (8.24)

8.5. Open Problem

Our fifth open problem deals with an optimal control problem for non-autonomous
semilinear neutral differential equations with unbounded delay, non-instantaneous
impulses, and nonlocal conditions. Specifically, we are interested in finding a maximal
principle for the following problem.

PROBLEM 8.5. -
/ ®(x(t), u(t), t)dt — min loc. (8.25)
0

(xz, u) € E:=PW((—oo, T|;R™) x LL_([0,T];R"), (8.26)

N
%[m(t) —g(t,20)] = AW)(t) + BOu(t) + F(tzeu®), te | JJIL  (827)
k=0

z(t) =Tyt z(ty ), ulty)), teJik=1,...,N, (8.28)
z(s) + C(xry, .- 2x,)(8) = P(s5) s € (—00,0]. (8.29)
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z(T)=xz1; 21 € R", ¢ €L, (8.30)
u(t) e M, tel0,T]r, ae., (8.31)

where the state function z(t) takes values in IR", meanwhile the control u(-) be-
longs to L7 ([0,T];R"), the space of admissible control functions. The matrices
A(t) and B(t) are continuous of order n x n and n x m, separately. The functions
x¢ ¢ (—00,0] — IR"™ given by z:(0) = x(t + 0),6 < 0, belong to the phase space £
and represent the history of x up to t. Here 0 < Ay < Ay < --- < Ay < T are prefixed
numbers selected conveniently according the phenomenon to be modelled. Similarly,
S0 =0<t1 <851 <ty < - <ty <sy < tNt1 = T, Jy= [O,tl],J% = (Sk,tk+1] and
J? = (tk, sk]. The functions g: [0,7] x £ — R", f:[0,T] x £ x R™ — R", z; € £,
¢ €L Ty: (tg,sg] x R" x R™ — IR" and ¢ : £7 — £ are appropiate functions. In
particular, I'x, kK = 1, 2, ..., describes the non-instantaneous impulses in the model and
¢ denotes the nonlocal conditions. For more information about the controllability of
differential equations with noninstantaneous pulses, nonlocal conditions, and infinite
delay, one can review the following references [11, 17, 28, 30].

9. Conclusion and Final Remark

As we have seen in this work, Pontryaguin’s maximum principle is still valid for
optimal control problems governed by differential equations with impulses as long as
the impulses are small in some sense; that is, the linear variational equation around
the optimal point is controllable. In many articles, of which we can mention ( [7, 8,
10, 28, 29, 30, 31, 32, 33, 36]), it has already been verified that the controllability of
the linear system is robust if we add impulses to the differential equation, delays and
the non-local conditions as disturbances of the system. So, here we have seen that
the maximum principle remains invariant under certain conditions on the impulses,
so we believe that we can also say something if we add non-local conditions, and also
consider dynamical equations on time scales.
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