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ABSTRACT: Operational methods are used to accomplish the solution
of certain problems with less effort and in a simple routine way. Laplace
transforms can be used to solve certain types of fractional singular inte-
gral equation not considered in the literature. In this study, the author
implemented an analytical technique the joint Laplace-Hankel transforms
to provide the exact solution for a time fractional non-homogeneous dif-
fusion equation with non-constant coefficients in cylindrical coordinates.
The obtained results reveal that the joint transform method is very con-
venient and effective. Certain non trivial integral identities involving Airy
functions and modified Bessel functions of the second kind are also pro-
vided.
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1. Introduction and Preliminaries

In recent years, a growing number of research works done by many researchers from
various fields of engineering and science deal with dynamical systems described by
equations of fractional order which means equations involving derivatives and inte-
grals of fractional order.

In this work, the author studied analytically distribution functions during ion cy-
clotron resonance heating (ICRH) by using the one-dimensional Fokker-Planck equa-
tion incorporating ion-electron and ion-ion collisions and quasi-linear diffusion. In the
equation, we include source and loss terms and we find the steady-state and time-
dependent solutions which are regular in the origin and vanish at high energies. The
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main purpose of the current study is to develop a method for evaluation of certain
integrals and finding analytic solutions of fractional PDEs. An analytical technique
approaches, the joint Laplace-Hankel transforms to provide the exact solution for a
time fractional non-homogeneous diffusion equation with non-constant coefficients in
cylindrical coordinates.

1.1. Definitions and Notations

Definition 1.1. With D;”* we denote the time fractional derivative of order «
(0 < @ < 1) regularized in the Dzhrbashyan-Caputo sense defined for a sufficiently
regular function ¢(t), as

DE0t) = ey | Gt (€0 (11)

Remark. In this work, we prefer Caputo fractional derivative to Riemann-Liouville
one since the former is more popular in real applications. When we adopt the Ca-
puto fractional derivative of order-c, the initial values of y(0),'(0), ..., 4™ (0), where
m = [a], are enough. Obviously, these initial values are prone to measure since they
have all physical meaning. On the other hand, we choose Caputo fractional derivative
due to another fact that the non-homogeneous initial conditions are permitted if such
conditions are necessary.

Definition 1.2. The Laplace transform of the function f(¢) is given by[1-3]

L{f(t)} = /Ooo eStf(t)dt == F(s). (1.2)

If L{f(t)} = F(s), then L7Y{F(s)} is as follows

c+ioco
£t = — / ¢* F(s)ds, (1.3)

27TZ —i00

where F'(s) is analytic in the region Re(s) > c.
The expression in equation (1.3) is the inverse Laplace transform for the function
F(s), and is often called the Bromwich integral.

Lemma 1.1. Let L{f(t)} = F(s) then, the following identities hold

_ 2

1. ﬁ 1(%) = 6)\ tE’I’fC()\\/i),
—wsP 1 ° __pP(wcos B sin(er sin )

2 e 2 = cos ) snfen” sin )

T s+r T,

3. L7YF(s%) = 1 foo flw) foo g~ tr—ur® cosam sin(ur® sin ar)drdu,

7T JO 0
4o LNF(Y5) = 4 [ ()EE (25) f(u)du

Proof. See [1].
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Example 1.1. The fractional integral of order « of the function ¢(t), with 0 < o < 1
is defined as follows

To(t) = ﬁ /0 (1 — )" p(e)de,

then the Laplace transform of the fractional integral of order « is as below

+oo t s
crestl= [ i [ (e o0n oo = 2,

Lemma 1.2. The following integral relation holds

Lfl[e*k\/g 1 /+°° 645[5” sin(mv — k/€) — Asin(k/€)
0

SN s =1t = T &2V + 2)E¥ cos(mr) + A2

Jde.

Proof. In view of the Titchmarch theorem or Gross-Levi lemma [3], we have the
following

B 1 +oo " efkw/ge*”
ft)= ;/0 e Im[m]dfa
or
o—ikVE

= l o e Im
1= v /0 d [f”(cos(ﬂu) —isin(mv)) + )\]df,

after simplifying we have

1t e [eos(ky/E) — isin(ky/E)][€Y cos(mr) + A + i€¥ sin(mv)]
1) = */0 e €30 1 2AEV cos(mv) 1 A2

dg,

or

3

1t e €sin(my — kVE) — Asin(kvE)
) = 7/0 el £2V 4 2)0&Y cos(mr) + A2

™

Let us consider the special cases
1. A=k=0, 0 <v <1 we have

o 1 B _sin(mv) [T Ctepw g BT
z:l[g—,,»%]—f(t)—T/o ~HEdE = Fo

2. k=0, we have

1 L B _sin(ry) [T Erete
£ Sl =) = / [ Jde.

sY 4+ N T E2 42X cos(mr) + A2
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Lemma 1.3. The following integral relation holds
£71[71 ;s — t] z/t (t =)™ [sin(rv) /*00[ Sk
sP(s¥ + A) o T(B) T o &% 4 2Xr¥ cos(mv) + A2

Proof. Making use of the convolution theorem for the Laplace transform.
Corollary 1.1. Let us show that

Jd¢ |dn

™ 2

-3 \3/5 _ 2
—e s =t =t"2K1(—).
7 ] ( \/E)
Note. In the above relation K, (.) stands for the modified Bessel function of the
second kind of order v.
Proof. Let us choose f(u) = 6(u— ) then we have F(s) = e~ **, in view of part four
of the Lemma 1.1. we get

£

1
3

1 [ us . 2u/u 1 As . 20/
L e 35, t / -):K —Ndu=—(2)2K )
s = o [ CE - Nau = (DK (C50
If we choose \ = 3, after simplifying we arrive at
2
L1 Le_3%;s St =t K, <>
[\/3 ] s\t
In the above relation if we set s = 0 we have
oo 3 2 +oo ™
t72 K1 (—=)dt = K.i(§dé = —.
/0 ) /o HOd =75

Theorem 1.1. Let us consider fractional singular integro-differential equation
+o0o
DiFo0 = F0+1 [ o©)ds, 0<t< oo
t

+oo
¢(O) = Uo, ¢(£)d€ = ka 0<a< 1a
0

then, the above fractional singular integro-differential equation has the following for-
mal solution

“+o0
_ (_)\)nt(a+1) aJrl)n

n=0

th(a+1)(1+n) 1

)\kz (14 (a+1)n)

n=0
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Note. To the best of the author’s knowledge this kind of singular integral equation
is not considered in the literature.

Solution. Taking the Laplace transform of the above fractional singular integral
equation term wise, leads to

P(s) — P(0 P(s) — k
52D (s) — s tug = F(s) + /\M =F(s) + /\%
After solving the above equation, we obtain
sF(s) ugs® — Nk
¢) =
(S) A+ gatl A+ ga+l ’
or
B(s) — = 3" F(s) U Ak
(s) = Z(_ ) grat)ta | glarhntl  glati)(n+l)

n=0

At this point, taking the inverse Laplace transform term-wise, we arrive at

gn(a—&-l)-&-a 1
t ——d.
o(t) / fit (a+1)+a) ¢
uot(a+1)n /\kt(a—i-l)(n-i—l)—l
], 0<t<+o0.

T(n(a+1)+1) T((a+1Dn+1))

It is easy to verify that ¢(0) = ug.
Let us consider the special case o = 0.5, we have

o(t) = /ft—

3n+1

ut’s Mkt s
L3 +1) IL((3(n+1)

7(15

Am

3 .g
~—

_|_

], 0<t<+o0.

Example 1.2. Let us assume that

then we have
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Proof. Let us start with the integral representation of ¥4 (s), U1(s) :f0+ooe_s VE e,
then taking n-times derivative with respect to parameter s leads to

+o00
U, (s) = /0 (€2 +1)" 7 e V&g,

By taking inverse Laplace transform followed by the complex inversion formula, we
have

Un(t) = L7HT,(s); s = 1] = L /CHOO e“[/+oo(f2 4 1)"7716*5\/ 52+1d§]d$.

270 J oo 0

At this stage changing the order of integration leads to

bn(t) = L7, (s);5 = t] = /O+OO(§2 + 1)%‘1[i /Cﬂoo e=VEFTDs g de.

211

—100

The value of the inner integral is §(t — /&% + 1), we arrive at

+o00o _
Vn(t) = L7, (s);s = t] = / (€ +1)"T 6(t — V/E + 1)de.
0
In order to evaluate the above integral, we make a change of variable

t—V&+1=n
t—1 ntl

Finally using convolution theorem for the Laplace transform, we have the following
relation

m+1

RS
Fo1y e

n+1
2

P(t) = LT (3) U (); 5 — 1 :/0 ﬁt—fg dt.

2. Generalized Bessel’s Equation, Bessel Functions,
Hankel Transform

Let us consider the following second order differential equation with non-constant
coefficients

22y 4+ (1 — 2a)zy’ + [(kex®)? 4+ o — v2c*ly = 0, (2.1)
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the above equation has the following solution
y(x) = 2*[C1J, (kz€) + C2Y, (kx)]. (2.2)
We note that if & = 0,¢ =1 we obtain the Bessel equation
22y + xy + [(kx)? — 2Py =0, (2.3)

with the solution as follows

y(z) = C1Jy(kx) + C2Y, (k). (2.4)
In Eq.(2.1), if we set « = 0.5, ¢ = % :% k:—i we get
1 1
2y 4 [(i22) + g~ Jly =0, (2.5)
after simplifying we obtain
y" —xy =0, (2.6)

the above equation is known as an Airy differential equation with the solution as
below

2i 3 2i 3
y(z) = Vz[CiJ, (5 22) + Cod l(gxé)]. (2.7)
At this stage using the fact that
. —imy 2
Jy(iz) = e I, (), K,(z) = sin(7v) -v(z) — I, (2)].

Where I,(x), K,(z) are the modifed Bessel functions of the first and second kind
respectively. Therefore, we get

y(e) = VACLT (Gok) + CAT_y (Gt 29)

In the special case v = 3, we have the following relations [8,11]
% 23 213
)= 2B = Y, (B - 1,3

(5

Finally, equation (2.6) has the following solution in terms of the Airy functions

Ai(x), Bi(x)

and

1
3

y(z) = CY Ai(x) + C4 Bi(x).

Remark. It is worth mentioning that the Airy function Ai(x) is used in physics to
model of the diffraction of light.
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Theorem 2.1. We have the following integral representation of the square of the
Airy function

+o0 3
AP(9) = %\/g /0 no(2on + 2y (2.9)

Note. In the literature the integral representation of the square of the Airy function
is given [8,11].

Proof. Let us start with an integral representation of the product of the modified
Bessel functions of order v as follows

™

+oo
Ko@) Ko o) = 5t /1 Jo(v/Zry cosh € — (22 § 42)) sinh(v€)de,

2sin(mv) Jin(x)

by taking v = 1, x =y, we have the following relation [8]

™ oo
K3i(z) = 71/ Jo(z+/2cosh& — 2)) sinh(g)df.
(3) 0 3

1
3 2sin

At this stage using the well-known identity K (z) = L\/‘?Ai((b), where z = %cﬁ%

therefore, we have

+oo
[ \fA \[/ qb v/ 2cosh € — 2))2sinh(= COSh(g)df,

Vé
after simplifying we obtain
+oo 4
A0)= |l ¢?:/$(3 sinh(%) + 4sinh3(%))]251nh(%) cosh(%)dg.
Let us introduce a change of variable sinh(%) = Qf’ then we have ¢ cosh(%)d{ = Qd—"\/&
from which we deduce that
e 4¢f U n_dn
Ai? +4 12
@) =5z [ B ) + G g
Finally, we obtain
Ai%(p) = 1 /W Jo(2¢m + 2—773)d (2.10)
3 o nNJol<0n 3 1. .

Let us consider the following special cases
1. ¢ =0, we get

1 1 +oo 2,]73
Ai20:47:—/ Jo(ZL)q
0) 3i12(2) ™3 Jo 1nJo( 3 )dn

2. In Eq.(2.10), taking derivitive with respect to ¢ and setting ¢ = 0, we have

_9 —9 +oo

24i(0)Adi'(0) = 27T\[ 7 )

2Jl( )dn,

3
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or . .
/ 22 Jl( )dr] = / Ji(r)dr = 1.
0 0
O

Theorem 2.2. We have the following integral identity for the modified Bessel function
of the second kind or Macdonald function

A+l 2°T (B + 1)
a2+ 2 _
. K (AVa? +2%) 22 1 22)% dr = )\B+lzu7(ﬁ+1)K”—(ﬁ-l-l)()‘z)‘

Proof. Let us start with the left hand side, by using an integral representation for
the modified Bessel function, we have

K )\\/x2+22 — —dr =

0 r? + 22)7

228+1

+o0 I2*8+1 )\( 2 + 22) . +o0 e A2(22422) d§
= | ) e 1€ Jdx,
o (22 +22)2 0

2 2€V+1

changing the order of integration in the double integral and after simplifying, we
obtain

A, [ e [tec 2 de
L.H.S:(g) /0 e S [/O 2Pl "ae dx}sz_l.

A2z?
4¢

At this point let us make a change of variable u =
simplification we obtain

in the inner integral after

AZEQ’ df
2£U+l'

1Ay 2ot [T —em
LHS= (3 T(E+1(3) +/0 c

Let us rewrite the above relation as follows

LS = 5 TE + DGO oy [ et

But the expression in the brackets is the integral representation for the modified
Bessel function K, _(341)()\z), therefore we get

2°T(B+ 1)

Let us consider the special case v = 0 then we get

too 2°T(B+1) 2ﬁz(5+1)r(5+1)
; Ko(Av $2+22)$2ﬁ+1d$=WK%&H)()\Z):T Kgi1)(Az2).
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Also, considering the special case 8 = —% we obtain

Ko(AW a2 + 22)dx = 1/ ;—ZK;()\Z).
e 2

In the above theorem, we used the fact that K,(.) = K_,(.) and the well-known

0/2Z2
integral representation K, (az) = (%)" 0+°° e ¢ 2;%, [5,8]. O

—+o0

0

Hankel Transforms

Hankel transforms arise naturally in solving boundary-value problems formulated in
cylindrical coordinates. They also occur in other applications such as determining
oscillations of the suspended heavy chain from one end.

We define the general Hankel transforms of order v by

+oo
Ho[6(r); o] = / r 1 (pr)é(r)dr = B(p). (2.11)

The corresponding inversion formula of which takes the form

+oo
H @srl = [ pd @) = 60). (2.12)

The basic requirement for the existence of the Hankel transform is that the function
/7 f(r) be absolutely integrable and piecewise continuous on the positive real line. In
this section we will determine the Hankel transform of certain functions and develop
some of the fundamental operational properties of the Hankel transform.

Lemma 2.1. Let us assume that H,[p(r); p] = ®(p), then we have
1 d 2y+1£ i

Lo g o] (o) pl = —p*(p). (2.13)
1d,. d
2 Hol- (60 o) = —0P0(p). (214)
Proof. See [3,4,9].
Example 2.1. Show that
Hol ! pl = —e .

V2 +a?’ p
Proof. Let us start with the Laplace transform of the function Jy(rp), we have

1

+o00
LJo(rp)ip — a] = 90 Jo(rp)dp = — e .
ool = [ () = o
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In terms of the Hankel transform of order zero we have

e P 1
Hol—sp =71 = —/——=.
of P P ] a2

Inverting the above relation leads to

1 oo 1 e
-1 . _ —
s e A

Lemma 2.2. Parseval identity for the Hankel transform.
If ®(p) and V(p) are the Hankel transforms of the functions ¢(r) and ¥ (r), respec-
tively, then

“+oo “+o0
| rememiar= [ pp(ouoan (2.15)
0 0

Proof. The integral on the right side can be rewritten as follows

+oo +oo +oo
| oo = [ sl [ oy

Changing the order of integration, we get

+o00 +oo +oo too
| oo = [ rwl [ eteeioidsar = [T oot

O
Lemma 2.3. The following integral identity holds
1. a%— b2 +oo
(=)= /0 pJ(ap)J, (bp)dp. (2.16)

Proof. Let us take ¢(r) = %5(T21“2) and ¢(r) = %J(TQsz ). In view of the Parseval

identity and using Lemma 2.4. we have

/+°°1 r2—a?2 1 _12—-b2 1 a%—b?
0

—+o00
S0 )5 )rdr = 56(— ):/O pJy(ap)J, (bp)dp. (2.17)

O

Lemma 2.4. We have the following relations for the Hankel transform

r2 _ g2

+oo
1 ); Pl :/0 rJ, (pr)d( 1 Ydr = J,(ap). (2.18)
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2_,2

Proof. Let us make a change of variable { = =% in the above integral, we get

157‘2—@2. B oo 5 1 N5 2d¢ _J
Hu[§ ( 4 )7,0]— _% \/45-1-(1 Jl/(p £+a) (g)ﬁ— V(a’p)'
(2.19)
O

3. Solution for the Time Fractional Heat Equation
in Cylindrical Coordinates Via the Joint Laplace-
Hankel Transform

Fractional calculus deals with the fractional integrals and derivatives of arbitrary or-
der. It provides better models for systems having long range memory and non-local
effects and it has important applications in several fields of engineering and sciences.
Fractional differential equations are widely used for modeling anomalous diffusion
phenomena. In this section, the author implemented the joint Laplace-Hankel trans-
forms to construct the exact solution for the time fractional heat conduction equation.
In the past three decades, considerable research work has been invested in the study
of the anomalous diffusion using the time fractional equation.

Problem 3.1 Let us solve the following impulsive time fractional heat conduction
equation in cylindrical coordinates

Dyfu=——(r—)+(t)d(r —ro), a=05 t>0, 0<r<-+oo.
with the boundary conditions as follows

1. wu(r,0) = f(r), 2. lirr(1)|u(7", t)] < +o0, 3. lim wu(r,t)=0.
r—

r——400

Solution. Let us define the joint Laplace-Hankel transform of order zero as follows

+oo +oo
U(p,s) = /0 rJo(pr)[/O e *tu(r, t)dt]dr. (3.1)

Application of the joint Laplace-Hankel transform the above equation leads to the
following transformed equation with the boundary conditions as follows

s*U(p, s) + a’p*Ulp,s) = s*"F(p) + roJo(rop),  Holf(r)ip] =F(p). (3.2)
Solving the above equation (3.2) yields

s*IF(p) + roJo(rop) 1 "o
U = =F _ |+ J _
(p, 8) s 1 a2p2 (p)[slfa(sa + a2p2)]+ O(Top) 8170‘(80‘ 4 a2p2)
(3.3)
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At this point, taking the joint inverse Laplace-Hankel transform of order zero to obtain

“+o00 _ ].
wrt) = [ e PO s

—+00 1
-1
+ o /0 pIoron) o ey

Jdp

1dp. (3.4)
At this stage let us take ov = 0.5, then we have

1 = E_l[ 1
st=o(s +a2p?)” 7 Vs(Vs+a?p?)
In relation (3.6), let us replace F'(p) = Holf(r); pl, roJo(rop) = Hold(r — ro); p] by
the following integrals

£ | = e P Brfe(a2p®VE).  (3.5)

+oo

+oo
F(p) = / Do) FO)de,  rodulrop) = / P Io(pr)(r —ro)dr  (3.6)

0

we arrive at
o0

( t):/+OOJ( 0B fe(a®p?ViE Ji deld
u(r, o rp)e rfe(a®p V)] ; £Jo(p€) f(§)d€]dp+

—+oo 44 +oo
4 / pdo(r)e™#  Er fe(a®o VD) / Fh(pr)o(r — ro)drldp  (3.7)
0 0

By changing the order of integration we obtain the formal solution to boundary-
value problem

oo oo 4 4
u(rt) = / RO / po(r0)e®" P Br fe(a VD) Jo(€p)dpldé+

oo oo 4 4
L R A o (NG R S
0 0

Note. In the above relation Erfc(§) = % f;_oo et dt.
The last step is to evaluate u(r,0) as below

+00 +o0 +oo +oo
ur0)= [ sl /0 o () Jo () dplde + /O 78(r — 1) /0 pdo(r) To((rp)dpldr.
(3.9)

In view of the Lemma 2.4. the value of the inner integrals are l(5(ﬂ) and 16( ’"2272 )

2 Z
respectively, therefore

400 1 72— 52 +o0 1 p2_ 72
ur0) = [ er@ze e+ [ it = rl ol = £,
0 0
(3.10)
Note. In the last step we have made a change of variable ’"2252 = 7 in the above

integral.
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4. Main Result. Solution for The Time Fractional
Non-Homogeneous Heat Equation in Cylindrical
Coordinates via the Joint Laplace-Hankel Trans-
form

Let us consider the following time fractional heat conduction equation a fractional

generalization of the problem Ion distribution function during ion cyclotron resonance
heating at the fundamental frequency [6]

0%u  10u
Dc,a _ vy - v
¢ U or? + r Or

with the boundary conditions as below

— M+ (r) + Th(t),  0<a<l, t>0, 0<r<-+oo

1. u(r,0) =%(r), 2. lim|u(rt)] <+oco, 3. lim wu(r,t)=0.
r—0 r—+oo
Note. Analytic solutions are more important than numerical solutions, because these
are valid in the whole domain of definition whereas the numerical solutions are only
valid at chosen points in the domain of definition.
Solution. Let us define the joint Laplace-Hankel transforms of order zero as follows

+oo +o0o
U(p,s) = /0 rJo(pr)[/O e *tu(r, t)dt]dr. (4.1)

By applying the joint Laplace-Hankel transforms of order zero the above equation,
we arrive at the following transformed equation with the boundary conditions

P H
(5 + 57 + NU(p, ) = s w(p) + 224 ) (12)
Solution of the above equation (4.2) leads to
¥(p) ®(p) H(s)

Ulp,s) = . (43
(p:5) sl=a(s® +p2+ ) s(s*+p2+ ) + s(s + p2 + A) (43)

By taking the inverse joint Laplace-Hankel transform of order zero, we have

o0 1 1
t) = ) - d
uret)= [ e VL o e
teo 1 teo H(s)

J\ ()L [ ———]d / J\ L ———2—]dp.
+ [ one e e+ [ el e
(4.4)

In view of the Corollary 1.2. we have the following formal solution

u(r,t)=
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_ sin(ma) [ b1t goemEde
= sty PO e, e e

sin(ma) [T bt £t
JrT/O PJO(TP)(I)(P)[/O [/0 [5204JrQ(Jm)fo‘Cos(ﬁa)+)\+p2]d£]dmdp+

gae—nf

sin(ra ap, Foo
* T /0 pJo(re) /j / [§2°“+2(\/p2—|—)\)§a Cos(ﬂa)+)\+p2]d€]dmdp.
(4.5)
At this stage let us take o = 0.5, then we obtain the solution as follows
B +o0 t 1 +oo \/ge_ngdg
wrt) = e[ e [ BT e
1 + oo t “+o00 —né
S [ e[ 115 s
1 —+oo t +oo —né
w2 [ onol [ gme a2 a0

At this point, we may use the following integral identity in order to evaluate the inner
most integral [5]

+00 \/Ee_"5 - (rbp?) 1 )
/0 mdf—\//\‘f‘ﬂ%n r F(_§777()\+P )

therefore we get

“+o00 t 1
; | oo ¥ o) | AT+ N

1
u(T,t)*ﬂ_F<% 0 (t—n)

1 +oo t
2 [ phlrn @) [ VA PO+ )+

0

1 [T v DO ?) 1 )
41 / pdo(r0)| / Tnt = mAT 2D+ 0% dnldp. (47)
0 0

™

Note. In the above relation I'(a,&) = f;oo ts~le~!dt stands for the incomplete

gamma function.
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5. Conclusion

The paper is devoted to studying and application of the joint Laplace-Hankel trans-
form for solving time fractional heat equation in cylindrical coordinates. The main
purpose of this work is to develop a method for finding analytic solutions of fractional
PDEs, evaluation of certain integrals. These results should be applicable to obtaining
solutions of a wide class of problems in applied mathematics, engineering and math-
ematical physics. The methods and techniques discussed in this article can also be
applied to solve other types of the fractional partial differential equations.
Compliance with Ethical Standards: The author declares that he has no conflict
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